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maneuvers in set thinking 


W. L. DUREN, JR., University of Virginia, 


Charlottesville, Virginia. 


Our elementary teaching leads us to believe that 
numbers are the basic elements of arithmetic 
and counting its basic process. Mathematicians think 


of sets as basic to all mathematics 


and counting as a rather difficult concept. 


1, SETS IN THE CURRICULUM 
AMONG TEACHERS of mathematics, the 
question of introducing sets into the cur- 
riculum has recently come to the forefront 
of the ever-present border wars between 
the traditionalists and the moderns. The 
mathematical idea of set, together with 
logic, has become almost the symbol of 
modern ideas in mathematics. The tradi- 
tionalists are further disturbed by the 
threat that the incursion of sets and logic 
may not be confined to border skirmishes, 
but may break out as a full-scale revolu- 
tion in the teaching of mathematics. Yet 
even in the intensity of this battle of opin- 
ions, which grows quite heated in some 
quarters, there is still a vagueness on both 
sides as to what makes up this elementary 
mathematics of sets that is proposed for 
introduction into the curriculum. 

When one speaks of sets, a traditionalist 
is inclined to think of the old mengenlehre, 
or point-set theory, which is definitely an 
advanced subject in mathematics and 
belongs to the domain of general topology. 
Surely we do not propose to teach general 
topology to high school students! Another 
extreme view is that somehow just the 
concept of set itself will unify and modern- 
ize secondary school and college mathe- 
matics, just as it was once thought that 
the function concept alone would integrate 
scattered fragments of mathematics in- 
formation into a meaningful curriculum. 


Surely the idea of set alone is not enough! 
Still another extreme view is the one that 
the algebra of the number field is “old 
hat” and should be replaced by modern 
Boolean algebra. Surely nobody in his 
right mind proposes that! 

Also, some conservatives insist that sets 
are a fad. After all, we have witnessed the 
rise and fall of fads in the mathematical 
curriculum: quaternions, projective ge- 
ometry, determinants, and many others. 
Comparatively few ‘‘modern”’ ideas are 
able to survive in competition with the 
older ideas which have stood the test of 
time. Mathematics is so old that a lifetime 
is hardly sufficient to evaluate its new 
ideas. Fads come and go, and set theory 
may be one of these. 

But from the standpoint of mathe- 
matics itself, set theory can hardly be a 
fad. Cantor’s formal set theory emerged 
less than a hundred years ago, and though 
it was first exploited in the advanced ideas 
of infinite sets and their topologies, it has 
since created a revolution in the language 
of all mathematics and in thinking about 
the foundations of mathematics. 

The intimate connection between sets 
and logic insures that the language of sets 
will continue to be more and more neces- 
sary to the understanding of the language 
of mathematics. For example, what is a 
number? A number is an element of a set 
of objects which has ¢ertain properties. 
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All of the particular properties of any 
particular number like 49 can be inferred 
from general axiomatic properties of the 
set of all real numbers. What is meant by 
x? The old explanation that the variable z 
is “a quantity whose value changes in a 
given discussion” is now regarded as non- 
sense. Instead, one orthodox view is that 
x is a “symbol which stands for any one 
of a set of numbers.”’ What is a function? 
A function consists of two sets, a domain 
set and an image set, and a mapping which 
assigns to each element of the domain 
set exactly one element of the image set. 
Alternatively, a function is a subset of the 
set of all ordered pairs of elements where 
the first element of each pair comes from 
the domain set and the second element 
from the range set and each element of the 
domain set appears in exactly one pair. 
What is a line? It is an insult to the mod- 
ern intelligence to say that “a line is the 
shortest distance between two points.” A 
line is a set of points with certain geometric 
properties. We could continue indefinitely. 
What is a plane? What is a root of an 
equation? What is an odd number? What 
is an average? What is topology? . . . And 
each definition will involve the concept of 
set. In fact, how do you define anything? 
You go into a big set of objects which 
includes as an element the object you wish 
to define, or contains it as a subset, and 
you say that an element of the big set 
belongs to the category you are defining if 
and only if it has the defining properties. 

Sets enter modern mathematics not 
only in its foundations and language but 
also in its mathematical structure. For 
example, the theory of probability is 
concerned with numerical measures of 
subsets of some space. Statistics is con- 
cerned with “populations” (which are 
sets), with measures of subsets of the 
population which are called “statistical 
parameters”’, and with the test of hypothe- 
ses about subsets of the population. 
Topology is the study of sets in which cer- 
tain subsets (“neighborhoods”’ are alter- 
natively “open sets’) are distinguished. 


While most of the interesting theory of 
such branches of mathematics treats sets, 
in which some additional mathematical 
structure is introduced axiomatically, we 
shall see that many of the mathematical 
superstructures are themselves generated 
by the basic set ideas. So, we may feel sure 
of the mathematical substance of set 
theory, hence sure of its cultural values as 
well. 

Let us turn to the applications, bearing 
in mind that we are thinking about general 
first-year college students or high-school 
students among whom only one in sev- 
eral hundred will become a professional 
mathematician. For all these students, the 
language and ideas of sets are gaining im- 
portance due to the technical nature of our 
civilization with its mass production, 
mass distribution, and increasing socializa- 
tion in government and industry. Set ideas 
come into play through statistics, classifi- 
cation, experimental inference, and popu- 
lation studies. They appear in many 
branches of science such as chemistry, 
thermodynamics, genetics, and physiol- 
ogy. In engineering, set ideas are en- 
countered in such new fields as computa- 
tion, switching, automatic controls, com- 
munication, and quality control, as well 
as in older fields. In the social sciences, the 
set concept enters not only through statis- 
tics but perhaps more significantly in the 
direct formulation of mathematical models 
to fit social situations. In fact, the mod- 
ern change-over in the philosophy of sci- 
ence from a mechanistic determinism to a 
kind of probabilistic indeterminism im- 
plicitly involves the idea of set. Moreover, 
the teachers of statistics tell us that the 
present lack of familiarity of students with 
set thinking imposes a serious limitation 
upon their becoming skillful in statistics. 
These and many other fields of applica- 
tion reinforce the conclusion arising from 
modern mathematics itself. Sets are here 
to stay. 

Despite all these real and possible appli- 
cations and despite the mathematical 
importance of sets, set theory has made 
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very little progress in being introduced 
into the curriculum dominated by alge- 
braic, geometric, and numerical tech- 
niques. Why? Inertia, of course, certainly 
exists. Also, there is the historical associ- 
ation of set theory with general topology 
which places it high up in the curriculum 
where it is restricted to specialists. But the 
subject itself has certain intrinsic diffi- 
culties. Its lack of definite “answers’’, 
its abstractions, form a barrier to young 
people accustomed to arithmetic and alge- 
bra. This difficulty is associated with the 
naming problem for sets. We do not have 
any system of individual names for sets 
like the decimal representations of the 
real numbers. Hence we have no way of 
giving the name of a particular set which 
is the “answer” to a problem except by 
such indirect devices as the set-builder: 
{reX/A&BE&C} =“The set of all ele- 
ments z in X having properties A and B 
and C.” 

To introduce set theory successfully at 
the level we are considering, the ideas 
must make good as a part of the student’s 
mental equipment for work or play. They 
cannot succeed upon a cultural or ap- 
preciative presentation alone, but they 
must convey an intellectual power not 
otherwise to be had. There must be real 
applications in sight, and there must be 
techniques whose mastery enables the 
student to get ‘‘answers’”. Here is where 
the lack of a system of names hurts. A 
student at this level can learn abstraction, 
and there are good reasons for preferring 
an abstract language. But he should be 
given practice in the art of abstraction, and 
this is not necessarily synonymous with 
the study of abstract systems. This skill 
in the art of abstraction is the greatest 
power which the study of mathematics can 
convey, and we must not overlook it in our 
presentation of set theory. 

I should like to sketch an introduction 
to elementary set ideas which is in this 
spirit of trying to develop the intellectual 
powers of the student, presenting it as a 
series of “maneuvers” in set thinking 


which the set-educated man should learn 
to exploit for his pleasure and profit. We 
begin by regarding a set as just a collec- 
tion of objects. The objects which are ele- 
ments of the set may be material objects 
like a bag full of marbles or they may be 
conceptual objects like the set of all con- 
tinuous real functions. All we need to 
know about a set at the outset is that any 
object in the universe is either a member 
of the set or it is not. One or the other is 
true, and not both. Now, this idea does 
not seem at first to hold much interest, 
but it turns out to be fruitful material for 
the human mind which generates an 
astonishing array of concepts and tech- 
niques in the presence of this basic idea. 
Let us proceed to explore a sequence of 
these devices of the imagination, these 
maneuvers in set thinking. 


2. THE SUBSET MANEUVER 


Seldom does the basic set with which 
we begin turn out to be the set which is 
really interesting. The maneuvers in set 
thinking often consist of replacing this 
basic set by another one derived from it, 
a new set which must be constructed in 
the imagination. For example, consider a 
deck of playing cards. It is a set of 52 ele- 
ments. This set itself would not hold our 
interest very long, but decks of playing 
cards have survived through the ages be- 
cause of certain other sets associated with 
them. One such set is the collection of all 
possible subsets of the deck. This collec- 
tion of subsets which is a set of 2°? elements 
could be exhibited only by having a very 
large number of duplicate decks and, of 
course, this is not done. The games one 
plays with the deck of cards are based 
upon assigning various subsets to the 
players according to rules, and the mental 
play which fascinates the devotees con- 
sists of constructing possible subsets in the 
imagination in answer to such a question 
as: ‘‘What cards are now in my opponent’s 
hand?” 

In general, given some set X, the subset 
maneuver consists in constructing the 
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larger collection 2* of all subsets of X, in- 
cluding the empty set @ and the set X it- 
self. The notation 2* refers to the fact 
that if X has n elements, the set 2* of all 
subsets has 2” elements. Now, although 
the original set X had no algebraic struc- 
ture, the new set 2* has a natural algebra. 
It is in fact the Boolean algebra of sets. 
Let A and B be two subsets contained in 
X. Then A and B are elements of 2*. We 


define the set operation AUB, read “A , 


union B’’, by saying that an element z of 
X is in AUB if and only if z is in A or z 
is in B (or both). We define the set opera- 
tion A‘\B, read “A intersect by 
saying that an element x of X is in A(\B 
if and only if x is in A and z is in B. And 
we define the set operation ~A, read 
“complement of A”, by saying that an 
element x of X is in ~A if and only if x 
is not an element of A. 

For example, let X be the set (1, 2, 3, 4, 
5, 6, 7, 8); let A be the subset (1, 2, 3, 4); 
and B the subset (3, 4, 5). Then AUB=(1, 
2, 3, 4, 5); ANB=(3, 4); and ~A =(5, 6, 
7, 8). The definitions can also be exhibited 
schematically by the familiar Venn dia- 
grams.! 

Now, the system (2%, U, (, ~) con- 
sisting of the set 2*, together with the 
operations of union, intersection, and 
complement, forms an algebra of sets 
which is known as Boolean algebra. Some 
of its formulas are found from these defi- 
nitions to be 

AUB=BUA, 
AU(BUC) =(AUB)UC, 
AUo=A, 
ANX =A, 
AU(BONC) =(AUB)(\(AUC). 

1 J. G. Kemeny, J. L. Snell, and G. L. Thompson, 
Finite Mathematics (New York: Prentice Hall, 1957), 
Chap. II; C. B. Allendoerfer and C. O. Oakley, Prin- 


ciples of Mathematics (New York: McGraw-Hill, 1955), 
Chap. V. 


Many other similar formulas can be 
proved algebraically from these or proved 
from the definitions. In fact, the closure 
of 2* under the operations VU, ()\, and 
~ together with the eight properties stated 
above forms a set of postulates for an ab- 
stract Boolean algebra.? The algebra of 
sets created by the subset maneuver is an 
astonishing result of so simple a device of 
the imagination. It has many other realiza- 
tions besides the subset algebra itself, and 
a skill in this algebra of sets is valuable in 
any branch of mathematics. 

As a simple exercise, consider a town 
council made up of Jones, Kelly (mayor), 
Lupo, and Moses. Display the set of all 
coalitions which could form in support of 
an issue. If the mayor can vote as a mem- 
ber and then vote again to break a tie, 
display the subset of all winning coalitions. 
How many winning coalitions could win 
without Kelly? If coalition A consists of 
Jones, Kelly, Lupo; and coalition B con- 
sists of Lupo and Moses, how many men 
are in In A(\~B? 

Other simple exercises might use the 
game of bridge. The dummy and I hold 
everything in hearts except Q, J, 9, 5, 3. 
What possible heart holdings could the 
player on my right have? Furthermore, if 
I hold A, K and three small hearts in my 
hand, in what percentage of all 32 cases 
could I expect Q and J to fall if I lead A 
and then K? 


3. THE MANEUVER OF REDUCTION TO CASES 


This consists of forming the set of all 
logical possibilities in the presence of a 
given finite set of statements (or classifi- 
cations, or questions, or tests, or proposi- 
tions, or conditions, or experiments, or 
sets, or contests, or moves). The elements 
of the set of logical possibilities are cases 
(or results, or trials, or outcomes, or 
samples). 

Let us take a simple example. Blood 
classification is accomplished by three 


2 E. J. McShane, Operating with Sets, Chap. III of 
Twenty-third Yearbook (Washington, D. C.: National 
Council of Teachers of Mathematics, 1957). 
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tests, the A-test, the B-test, and the Rh- 
test, to each of which the subject either 
reacts positively or negatively. What is 
the set of logical possibilities? It is a set of 
eight cases which may be displayed by the 
truth table procedure as follows. 


CasE A Rh 


Li 
hit 


Alternatively, the set of eight cases can 
be displayed by a tree diagram which we 
will construct for the sequence, A-test, 
then B-test, then Rh-test. 

The tree diagram lends itself better to 
the representation of the set of all cases 
when the individual tests may have sev- 
eral possible outcomes, not necessarily the 
same number for every test. For example, 
if we are concerned with the set of all pos- 
sible cases when there is a blood donor and 
a recipient, we might continue the tree 
diagram with eight branches from each 
donor type to show the set of sixty-four 
types of donor-recipient pairs (Fig. 1). 

Now, this may not seem to be very 
mathematical, but it has proved to be nec- 
essary to train men carefully to approach 
a problem involving categorizing tests by 
fixing firmly in mind the set of all logical 
possibilities. Then mathematical analysis 
can proceed in this set. The maneuver of 
reduction to cases is an obvious one once 
it has been pointed out. But in statistics, 


where its full importance has only re- 
cently become apparent, its significance 
escaped statisticians for many years until 
von Mises recognized it and named the set 
of logical possibilities the “sample space’’. 
Thus a man who is not educated in set 
thinking is not likely to stumble upon 
this maneuver himself. Indeed, even after 
he learns to approach a classification prob- 
lem by means of the maneuver of reduc- 
tion to cases, he still needs to develop 
techniques such as the tree diagram which 
assure him that he has constructed the 
entire set of logical possibilities, that is, 
exhausted all cases. 


4. THE MATCHING MANEUVER 


Given two sets X and Y, we attempt to 
match the elements of X onto those of Y 
so that to each element of X there corre- 
sponds one and only one element of Y, 
and so that all elements of Y are also 
paired. Precisely a matching of X onto Y 
is a 1-1 mapping of X onto Y. Our match- 
ing maneuver then consists of forming the 
set of all matchings of X onto Y. 

Again this simple maneuver, as natural 
as breathing, generates some important 
mathematical ideas, in particular, a 
famous algebraic structure. We consider 
the set of all matchings of a nonempty set 
X onto itself. In this case, the matchings 
are called permutations of X, and the set 
G of all permutations a, b, c,--- is also 
nonempty. Let e designate the identical 
matching in which every element corre- 
sponds to itself. We soon discover that if 
we combine two permutations a and b by 
first performing a and then 6, then we 


Figure 1 


A,B 
A 
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Figure 2 


obtain another permutation ao b in G. 
We find furthermore that: 


ao(boc)=(aob) oc, 
for every a, 
aoe=a=eoa, 


and for every a there exists an inverse 
permutation a* such that 


aoa*=e=a* oa. 


Thus the system {G, o} is a group. And it 


appears not by fiat but as a result of this 
primitive set maneuver upon an arbitrary 
set. Moreover, a few examples now show 
that aob and boa are not equal in 
general. To consider one old example, we 
construct the set of permutations of the 
set {1, 2, 3}. The matchings may be repre- 
sented and designated by letters, as fol- 
lows, where the matched elements are 
shown in pairs. 

e a b f g h 

il 12 13 ll 13 12 


22 23 21 23 22 21 
33 31 32 32 31 33 


The multiplication table for this group 
of permutations is readily computed to be 
the following: 


This group is not commutative since we 
observe that ao f=g while foa=h. But 
the elements e, a, b form a group by them- 
selves, and this subgroup is commutative. 

The same group can be realized geo- 
metrically as the motions of an equilateral 
triangle which take the vertices into the 
vertices. This is often demonstrated by 
cardboard models. In Figure 2, the per- 
mutation a is realized as a rotation of the 
triangle through 120° in the plane about 
the center. Then 6 is a rotation through 
240°, and ¢ is the “rotation” which leaves 
the triangle fixed. Also, h is a rotation 
through 180° out of the plane about the 
altitude through the vertex 3. Finally, f 
and g are similar to h. 

We could now return to the general case 
to discover other theorems about the 
group of permutations of a set, either by 
resorting to the matching maneuver, or 
algebraically, regarding the four state- 
ments above as postulates. We could also 
generate the cardinal numbers out of the 
matching maneuver, but although this is 
presumably the way they arise universally 
in human behavior, the mathematical 
treatment is somewhat abstruse. A stu- 
dent ought not to leave this subject with- 
out seeing one of the most fundamental 
theorems in mathematics on counting 
finite sets.* 

A set X is defined to be finite if it can 
be matched with one cardinal set {1, 2, 
3,---+, n}. Intuitively, this means that 


3 E. J. McShane, op. cit., p. 60. 
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if you count it, the counting comes to an 
end with some natural number n. An 
obvious theorem is that if you count a set 
in two different ways, the number of ele- 
ments is the same. The mathematical 
theorem says that if a set X is matched 
with the set {1, 2, 3,---, m}{ and with 
{1, 2, 3,---, m} then m=n. So the 
matching maneuver gives rise to counting, 
group theory, and the theory of permuta- 
tions. 


5. THE MATHEMATICAL INDUCTION 
MANEUVER 


The statement of the fundamental 
theorem on counting finite sets is really an 
infinite set of statements, which we might 
designate by 


T:, +, Tn, }. 


Obviously one cannot prove them all 
one at a time, though to the uneducated 
mind, the way to establish all these state- 
ments is to prove enough of them so that 
nobody in his right mind could doubt that 
the rest are true. 

A good education in set thinking includes 
a famous maneuver by means of which 
every statement in the infinite set of state- 
ments can be proved. We will call this the 
mathematical induction maneuver. The 
mathematical induction maneuver consists 
of proving two statements: 7’; is true, and 
whenever 7, is true, 7,4: is also true. 
From the standpoint of teaching, this in- 
troduction to mathematical induction 
occurs when there is clear need for it and 
does not have to resort to artificial theor- 
ems of little intrinsic interest, such as the 
sums of powers, usually introduced for the 
purpose. 

Having once proved, or assumed with- 
out proof, the fundamental theorem on 
counting finite sets, can we assume that 
surely everyone knows how to count? It 
turns out that counting is not easy. In 
fact, if any one technique in the forms of 
set thinking proves too difficult for stu- 
dents (and teachers!) at the curricular 
level we are considering, it is counting. 


We must therefore proceed to develop the 
counting technique a little further. 


6. SEQUENTIAL COUNTING 

Of course, counting the elements of a 
finite set is one of the basic maneuvers in 
set thinking. It hardly needs to be pointed 
out to the student of set thinking. But al- 
though he will not be able to remember 
when he learned to count, he will need to 
be provided with some techniques for 
counting, since counting is difficult. Con- 
sider, for example, the following problem 
in counting which is for extraordinarily 
clever people. You are brought into a 
room where the lights are off and directed 
to a battery of ten switches by the door. 
You are told that the lights will go on if 
and only if every switch is in the correct 
position, which is unknown. You are to 
design a procedure for flipping the switches 
which will insure that the lights will even- 
tually go on and to count the minimum 
number of flips which will guarantee this. 

This problem should convince the reader 
that counting is not necessarily simple. We 
leave it as an exercise for the students and 
begin with something which is both easy 
and good teaching. It is good teaching, 
because it reviews in a new context some- 
thing which the student has already 
learned, it sets up something which he is 
going to study later, and it provides some 
practice in the art of abstraction. For any 
finite set A we define n(A) to mean the 
number of elements in A. Then we ask the 
question: If n(A) and n(B) are known, can 
we compute n(A\/B)? The student will 
discover for himself the theorem: If 
A(\\B=¢, then n(AUB)=n(A)+n(B). 
He may have difficulty realizing that the 
proof necessarily involves the induction 
maneuver and completing the proof. Then, 
if he is clever, he will see that he can drop 
the hypothesis, A(\B=¢, and state the 
theorem: For all finite sets A and B, 

n(AUB) =n(A) 

Many other exercises of this sort are 
possible, exploring the relationship of 
counting to set algebra. 
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. Now we take up the familiar old prob- 
lem of counting the set of all permutations 
of a finite set X of n elements onto itself. 
The problem can be transformed into that 
of counting the number of matchings of 
cardinal n onto the set X. The technique 
we will use may be called “sequential 
counting”. Any one of n elements in X 
can be assigned to 1, and after that assign- 
ment has been made, any one of the re- 
maining n— 1elements can be assigned to 2. 
Hence there are n-(n—1) assignments to 
{1, 2}. (Proof?) Continuing in this way, we 
find that there are n! permutations in the 
set of all permutations. The old way of ex- 
pressing this was to “count the number of 
ways in which a set of n objects can be ar- 
ranged in a row.” The textbooks on alge- 
bra are full of problems of this sort. At this 
stage, the student of set thinking will need 
to sharpen his skill with the algebra of fac- 
torials, and he will find that sequential 
counting, with the aid of tre¢ diagrams, is 


a more powerful tool than the collection | 


of formulas.‘ 

To illustrate, let us consider an example 
where sequential counting succeeds easily, 
but formulas for the number of permuta- 
tions are not very helpful. We are to count 
the set. of all arrangements of six boys and 
six girls in a row under the restriction 
that boy alternates with girl. Solution: 
There are two possible determinations of 
sex for the first place. After this determi- 
nation is made, there are six possible 
choices of a boy to fill the first boy-place, 
and six choices of a girl to fil! the first girl- 
place. Then there are five choices of a boy 
to fill the second boy-place, and five 
choices of a girl to fill the second girl-place. 
Thus by sequential counting the set of all 
arrangements under the prescribed condi- 
tions has 2:6-6-5-5-4-4-3-3-2-2-1-1, or 
1,036,800 elements. 

We will consider further counting tech- 
niques in connection with other set think- 
ing maneuvers. 


4W. A. Whitworth, Choice and Chance with 1,000 
Exercises (New York: Stechert, 1954); Kemeny, Snell, 
Thompson, op. cit., Chap. III, 


7. THE CARTESIAN MANEUVER 


Given two sets, A and B, the Cartesian 
maneuver consists of forming the set A XB 
of all ordered pairs (a, b) where a is in A 
and b is in B. The set A XB is called the 
Cartesian product of A and B. Again we 
can at once proceed to examine the rela- 
tionship of this new operation on sets to 
the basic operations U, (\, ~ and we are 
led to a variety of new set algebra formu- 
las. 

A subset of the Cartesian product A XB 
is a relation between A and B. And inter- 
esting things can be done with relations.® 
Also, there is a new operation of projection 
from the Cartesian product space A XB 
back into the factor sets A and B. 

When we apply the Cartesian maneuver 
to finite sets the first question is: If we 
know n(A) and n(B), what is n(A XB)? 
The student readily discovers and easily 
proves that n(A XB)=n(A)-n(B). But a 
few examples reveal that this abstract 
multiplication principle is a delicate one. 

Take the old problem of counting of dis- 
tinct pairs of balls which can be drawn 
from an urn containing a set S of n balls: 
(a) by first drawing one, replacing it, and 
drawing another, (b) by first drawing one 
and then drawing another without replace- 
ment, and (c) by drawing two simultan- 
eously. The number of pairs in case (a) is 
n(S XS) =n?. But in case (b), although we 
can find the set of all possible pairs by se- 
quential counting to have n(n—1) ele- 
ments, there is apparently no way of re- 
garding this as the number of elements in 
the Cartesian product of a set of n ele- 
ments with a set of n—1 elements. We can 
exhibit the set of all n? possible pairs in 
an SXS matrix array as follows: 


(1, 1) (1, 2), 2) “5 (1, n) 
(2,1) (2,2),---+, (2, 2) 


(n, 1) (n, 2), (n, n). 


5 Universal Mathematics, Part I, Functions and 
Limiis, Department of Mathematics, University of 
Kansas, 1954. Chap. I, Sec. 4b. 
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Then we can delete the n identical pairs 
(1, 1),---, (m, m) excluded by the pro- 
cedures (b) and (c) to find that cases (b) 
and (c) are the same and lead to sets of 
pairs with n?—n=n(n—1) elements. 

If the Cartesian product method is ex- 
tended to counting the set of all drawings 
of three balls, it becomes complicated, 
though sequential counting still succeeds 
easily. These difficulties which the Car- 
tesian product method encounters here 
foreshadow the difficulties of conditional 
probability. 

But the Cartesian maneuver itself has 
proved invaluable in many branches of 
mathematics. It was named for Descartes 
who realized that, although the set of all 
real numbers RF is not big enough to be put 
in one-to-one correspondence with the 
points of a plane, the set of all pairs RXR 
is. So the Cartesian maneuver generated 
analytical geometry, and there appears to 
be no end to the possible applications of 
the maneuver. In fact, the ancient Greeks 
had employed it much earlier. For what is 
a ratio symbol like 2/3 but a member of 
the set of all ordered pairs of positive 
integers? In forming this Cartesian prod- 
uct, they had apparently thought at first 
that while the set of integers is not big 
enough to fill up a line, the set of all pairs 
of integers (ratios) is. In this they soon 
found that they were wrong, but it re- 
mained for Cantor to realize that it re- 
quires a Cartesian product which has 
infinitely many factors to accomplish this. 

As a final example, let us consider a very 
simple case of a life process by which 
nature itself performs the Cartesian ma- 
neuver, with some exclusions. Suppose 
that one characteristic of a living organ- 
ism is determined by an unordered pair of 
genes which are of two kinds, A and a. In 
the reproductive process, the gene pairs 
such as (Aa) or (AA) dissociate and form 
new pairs, so that each gene recombines 
with a gene from some different pair. Now, 
let (Aya;) and (A2a2) be two gene-pairs of 
hybrid type. The following table shows the 
set of possible gene-pairs in the offspring 


of their mating, where “ex’’ denotes pairs 
excluded as self-mated and where the cells 
left blank contain merely reorderings of 
the four pairs shown. There are, then, four 
possible pairs. One is of AA type, two are 
of the hybrid Aa type, and one is of aa 
type. The same proportions of the types 
would clearly be maintained if there were 
many gene-pairs of Aa type at the start 
instead of two. Thus, if we permitted a 
field of hybrid corn all of genotype Aa to 
reproduce seed by random mating, we 
might expect among the offspring propor- 
tions of the genotypes AA, Aa, aa to be 
respectively }, 3, 3. That is, one half of 
the first generation would be of the same 
hybrid type as the seed corn, but one 
fourth would return to purebred AA type 
and one fourth to purebred aa type. 

In most problems of mathematical ge- 
netics, the first maneuver to perform is the 
Cartesian maneuver, with appropriate 
pairs excluded. Then one carries out the 
analysis by examining the proportions 
present in the remaining pairs. 


8. THE CLASSIFICATION MANEUVER 


Given a set X and a finite number of 
“cells” (or names or categories), the classi- 
fication maneuver consists in assigning to 
each element of X one of the cells. Our 
classifications are functions on X into the 
set of cells. 

The classification maneuver is a good 
one! It has an astonishing array of appli- 
cations in experimental inference, and it 
generates some important mathematical 
theorems of its own, notably the binomial 
theorem. Let us proceed to the problem of 
counting the number of classifications 
of a set X into two cells. Let the symbol 
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; A, | ex ex 
3 a | ex ex 
A: | ex ex 
a: ex ex 
] 
| 
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( ' ) denote the number of classifica- 
r|s 


tions of a set X of n elements into two cells, 
the first of which is assigned to r elements 
and the second to s elements (s=n—r). 
We can count at once some special cases. 


Other cases may be computed intui- 
tively by sequential counting in the set of 
all permutations of X onto X. We have 
seen that there are n! permutations of X. 
On the other hand, the number of permu- 
tations may be counted by first classifying 
the set of permutations into an R-cell of r 
elements and an S-cell of s elements, 
counting the permutations of the subset of 
X assigned to the R-cell, and then count- 
ing the permutations assigned to the S- 
cell. The result is 


Hence we find that 


n! 


This formula can be established by 
mathematical induction, but for this pur- 
pose we need another result on counting 


n 
( | ) . We fix attention on one particu- 
ris 


lar element x of X. Then, in the classifi- 
cation, x could be assigned to the R-cell or 


n—-1 


the S-cell. There are ( ) classifica- 


r—1|s 


tions in which z is assigned to the R-cell 


and ( | :) classifications in which zx 
r|s— 


is assigned to the S-cell. These two sets of 
classifications are disjoint, so we find that 


® 


This formula reduces the problem of 
counting the partitionings of a set of n ele- 
ments to that of counting the partition- 
ings of a set of n—1 elements. The for- 
mulas (1) and (2), with the aid of a little 
of the algebra of factorials, are what is 
needed to complete the proof by mathe- 
matical induction. Moreover, the for- 
mulas (1) and (2) are exactly what we 
need to construct Pascal’s triangle.® 

One can readily apply the results of this 
classification procedure to get a proof of 
the algebraic binomial theorem. In a 
sense, what we have done is to prove the 
binomial theorem without any binomials. 
The classification approach has certain 
advantages over the algebraic one. The 
ideas of classification are closer to the 
applications and do not involve as much 
extraneous machinery as the algebraic ap- 
proach does. Moreover, the classification 
maneuver more readily attacks the general 
case in which there are k cells than does 
the algebra of multinomials. 

For example, suppose we have a pile 
(set) of one hundred potatoes, and it is 
required to classify the potatoes as 
“yours” and “mine” in such a way that 
the set of “yours” has sixty potatoes and 
“mine” has forty potatoes. The number 
of possible classifications meeting this re- 
quirement is, by the argument above, 


100! 
60! 40! 


But it is harder to see that the number of 
classifications is the coefficient of 2y*° is 
the binomial expansion of (x+y)!°. Any- 
way, who would have thought that you 
could prove the binomial theorem by the 
simple maneuver of sorting potatoes? 

An example of counting multinomial 
classifications is that of counting the num- 
ber of different deals in the game of bridge. 
A deal is a classification of the set (deck) 
of fifty-two cards into four categories, 
W, N, E, 8S, in such a way that exactly 
thirteen cards are assigned to each cell 


6 Kemeny, Snell, Thompson, op. cit., p. 101. 
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(hand). The argument above readily ex- 
tends to give us the answer 


52! 
13!-13!-13!-13! 


as the number of different deals. 

When we attempt to count the distinct 
classification of sets of indistinguishable 
elements, we find that some ingenious 
devices are needed. Classification prob- 
lems of this sort may be expected to occur 
in accounting, especially in inventory 
problems, in public opinion surveys, in 
quality control, in traffic and communica- 
tion problems, in several aspects of ele- 
mentary chemistry, in genetics, etc. How- 
ever, I like to think of one from quantum 
physics. 

Suppose we have a set of n particles, 
such as electrons, to be classified into k 
discrete quantum states in an atomic con- 
figuration. The preceding counting pro- 
cedures assume what cannot be realized in 
practice—that two individual electrons 
can be distinguished—though this was the 
assumption of the classical Maxwell- 
Boltzmann statistical reasoning. In Fermi- 
Dirac partitioning the particles are, more 
realistically, assumed to be indistinguish- 
able; furthermore, at most one particle 
may occupy a particular state in the con- 
figuration. If there are n particles and k 
distinguishable states, nk, we can prac- 
tice the art of abstraction and remove 
both the particles and the somewhat elu- 
sive idea of “indistinguishable”’ from the 
problem by classifying the set of k states 
into two categories, an “occupied” cate- 
gory having n elements and an “unoccu- 
pied” category having k—n elements, so 
that the required number of classifications 
is 

k! 
ni(k—n)! 


Particles which classify into states in this 
way are called Fermions. They include 
electrons, protons, and neutrons. 
Classifications of a set of n indistinguish- 
able particles into k states, without re- 
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striction on the number of particles which 
may be assigned to any particular state, is 
called Bose-Einstein classification. Parti- 
cles, such as photons and nuclei, which 
partition in this way are called Bosons. It 
takes further ingenious counting devices 
to count the partitionings of n Bosons into 
k cells. 

Here is a maneuver in set thinking 
whose applications range all the way from 
the binomial theorem to modern quantum 
statistics. Moreover, it is deeply involved 
in the logic of experimental inference. The 
modern man should be adept in its prac- 
tice. 

Before we leave it, let us consider a 
variant of the classification maneuver. It 
may be called the partitioning maneuver. 
Let X be a set, and let A and B be subsets 
of X such that every element of X is one 
and only one of the two sets A and B. Then 
the pair of sets | A, B} is called a partition 
of X into two subsets. In set algebra, the 
conditions on A and B are that AU B=X 
and A (\ B=¢. Now let us return to the 
classification of the set of one hundred 
potatoes into a set A of sixty potatoes 
which is “yours” and a set B of forty 
potatoes which is “‘mine’’. This pair of sets 
is a partition of the original set of one 
hundred potatoes. It is the same partition 
if we interchange the designations “yours” 
and “mine”, though this interchange of 
names gives a different classification. In 
the example of the bridge deals, each 
classification in four hands, W, N, £, S, 
yields a partition of the set of fifty-two 
cards into four subsets of thirteen cards 
each. It would be the same partition if the 
hands were interchanged, but a different 
classification (deal). In general, a partition 
of a set X is a finite collection of subsets 
such that every element of X is in one and 
only one of the subsets. 


9. THE FUNCTION MANEUVER 


The well-known function maneuver 
relates two sets X and Y. It consists of 
constructing a mapping of X into Y which 
assigns to every element of X exactly one 


| | 
| 
| 
\ 
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element of Y. Alternatively, the function 
maneuver may be thought of as a speciali- 
zation of the Cartesian maneuver. We 
first perform the Cartesian maneuver and 
construct the set X XY of all ordered 
pairs (x, y) of elements of X and elements 
of Y respectively. Then we express the 
functional relationship by selecting an 
appropriate subset of X X Y in which every 
element of X appears in one and only one 
pair (x, y) of the subset. This is the graph 
idea of the function. 

The maneuver of constructing functions 
is too well established to require further 
explication here.’ It may be observed that, 
in addition to being a specialization in one 
sense of the Cartesian maneuver, it in- 
cludes the matching and classification 
maneuvers as special cases. Thus “func- 
tional thinking” is but one aspect of “set 
thinking”’. 


10. THE MEASURE MANEUVER 


One of the modern developments in 
mathematics has been the axiomatizing of 
probability in the framework of the theory 
of sets. The treatment of probability exist- 
ing in textbooks today is essentially the 
probability theory of two hundred years 
“,ago. But one of the rewards which our 
education in set thinking brings us is the 

‘ability to understand elementary proba- 
bility in the manner of Kolmogoroff. Ac- 
cordingly, we begin by introducing into 
the set X a measure. This is the measure 
maneuver. To carry out the measure 
maneuver, you define a function which 
assigns to each subset in an appropriate 
collection of subsets a nonnegative real 
number (measure) so that this measure is 
additive. 

The appropriate collection of subsets 
can be defined in a variety of ways. In 
finite sets, the appropriate collection of 
subsets is all subsets, but in infinite sets 
this generality is not possible. Ultimately, 
the student who pursues the subject to a 


7 Allendoerfer and Oakley, op. cit., Chap. VI. 


sophisticated stage of set education will 
come to understand the importance of 
Borel sets and Lebesgue measure. Some 
mathematicians are so bold as to say that 
these more sophisticated ideas can and 
should be introduced at the very start, 
but let us take in less territory and define 
our measures less generally while still pro- 
viding an avenue along which the Lebesgue 
theory can be developed. (Actually the 
word “measure theory” is usually re- 
served for the theory of extension of ele- 
mentary measures into Lebesgue meas- 
ures. ) 

To define ‘‘an appropriate collection of 
subsets”’ in an elementary way, we can use 
the idea of any collection SM of subsets of 
X which forms a (Boolean) set algebra 
under a finite number of combinations 
with the set operations U, (\, ~. The sets 
in the chosen collection IN are called meas- 
urable sets. Then if A and B are disjoint 
measurable sets and m(A) denotes the 
measure of A, 


m(AVU/B) =m(A)+m(B). 


Thus our elementary measures are finitely 
additive. 

There are two concrete elementary situ- 
ations we have in mind. One is the collec- 
tion 2* of all subsets of a given finite set 
X in which we have already defined the 
counting measures n(A) and explored its 
properties. Another is the one which leads 
to the ordinary Riemann integral in which 
we take X to be an interval of real num- 
bers and the measurable sets M to be the 
collection of all sets which are formed 
from intervals, aS X <b, in X by a finite 
number of combinations under U, (1), ~. 
Then we take the measure of an interval 
to be its length, and this choice determines 
the measures of all other measurable sets 
by using the additive property. 

Here the student seeking a set educa- 
tion pauses to explore the properties of the 
measure maneuver in relation to earlier 
maneuvers in set thinking. He finds that 
what he has already done in counting 
serves as a model. Moreover, he finds that 
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the relative measures p(A) obtained by 
dividing every measure m(A) by the meas- 
ure m(X) of the universal set also satisfies 
the requirements, with p(X) =1. 

As an example, consider the example 
(See. 7) of the set of all possible gene- 
pairs which can occur in the offspring of 
the mating of two hybrid genes of type 
Aa. We saw that the set of possible gene- 
pairs is the union of three disjoint sets: 
the set of gene-pairs of type AA, of type 
Aa, and of type aa. The set of all possible 
gene-pairs has four elements, so we arbi- 
trarily assign to every set of one element 
the measure }. This satisfies our require- 
ment for a relative measure. In particular, 
it implies that the subset AA has measure 
1, the subset Aa has measure 3, and the 
subset aa has measure }. 

As a different sort of elementary exam- 
ple, consider the line segment (—2 S22). 
Assign to each interval (aSx2<b) the 
measure }(b—a) and to each set of one 
point the measure 0. This also satisfies the 
conditions for a relative measure. It im- 
plies that the measure of the set 
(—2S2S —1) is } and the measure of the 
set (—1 S21) is }. This is the “uniform” 
measure on certain subsets of our uni- 
versal set which is an interval of length 4. 
Notice two things. The uniform measure 
cannot be extended over the entire line, 
since its length is not finite. And the uni- 
form measure fails to assign a measure to 
the subset of rational numbers in the inter- 
val, for example, so it does not measure all 
subsets. 

Other elementary interpretations can 
be found in ordinary weights, in chemical 
concentrations, in counting with arbi- 
trarily assigned frequencies (or weights), 
and in distributions of mass particles in 
the line or plane. 

The last example leads us to consider 
the first and second moments {xz dm and 
{x* dm for a distribution of mass particles. 
There are two complementary interpreta- 
tions that enhance the subject and should 
be considered together just as we consider 
the geometric (slope) interpretation of the 


derivative in calculus along with its me- 
chanical (rate) interpretation. Here we 
find that in statistical language, the first 
moment determines the “mean” of zx in 
the distribution and the second moment is 
the ‘“‘variance” of the distribution. In a 
mechanical interpretation, the first mo- 
ment determines the ‘‘center of gravity” 
and the second moment is a ‘‘moment of 
inertia’. 

The most important consequence of the 
measure maneuver is the theory of prob- 
ability. From a mathematical standpoint, 
the theory of probability is almost com- 
pletely described as the theory of meas- 
ures p* X such that p(X) =1. There is a 
“probability calculus” which consists of a 
collection of formulas relating probability 
measures in a set algebra m of measurable 
subsets of X to operations in the real num- 
bers. The important formulas of the prob- 
ability calculus are 


(a) p(X) =1, where X is the universal set, 

(b) p(¢) =0, 

(c) p(AUB) =p(A)+p(B) —p(AMB), 

(d) p(~A)=1—p(A), 

(e) p(AC\B) = p(A)-p(B) when A and B 
are independent, 

(f) p(B] A) =p(AMB)/p(A). 


The last two formulas contain ideas 
which are not strictly in measure theory. 
“Independent”’ sets are not defined in the 
algebra of sets, and the formula (e) is to 
be taken as a definition of independent 
sets. Similarly, in (f) the symbol p(B| A) 
is read “‘the conditional probability of B, 
given A’’, and this is considered to be de- 
fined by (f). 

In the example of the offspring of the 
hybrid gene-pairs, we would observe that 
the measure defined is a probability meas- 
ure and that it says that the probability of 
the set of gene-pairs Aa is 4. The “uni- 
form’? measure on the intervals in the 
interval (—2S25+2) is also a proba- 
bility measure, and it says in particular 
that the probability of the set (—1S231) 
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is $ and that the probability of the set {1} 
is zero.® 

Another part of the theory of proba- 
bility which is not subsumed by the meas- 
ure theoretic formulation is the interpre- 
tation into the physical world in the lan- 
guage of choice and chance. The philo- 
sophical difficulties of justifying a particu- 
lar choice of probability measure are as 
great as they ever were. But it is part of 
an education in set thinking to learn to 
apply probability theory to the domain of 
choice and chance in the physical uni- 
verse. Moreover, it is necessary to have a 
different set of “ground rules”’ for the solu- 
tion by probability of a problem worded 
in the language of chance; that is, differ- 
ent from the implicit rules for solving a 
worded problem of determinate solution. 


11. THE DISTRIBUTION MANEUVER 


Our next maneuver in set thinking leads 
up to the door of statistics without enter- 
ing that door. It is a maneuver to get 
around the besetting difficulty of set 
theory, the naming problem. We have 


abstractly defined a probability measure 
on certain subsets of a set X as a function 
which assigns to every measurable set a 
real number. But how would one go about 
representing one particular such function? 
We cannot use such devices as poly- 
nomials or power series when the domain 
of the function is a collection of sets. 
There is an escape, partial at least, from 
this dilemma. We can represent measures 
on sets of numbers indirectly by ordinary 
functions on real numbers to real numbers. 
We will call this device the distribution 
maneuver. The distribution maneuver can 
be carried out either with a distribution 
function or a density function. I shall 
choose to present the more familiar, but 
less generally applicable, density function. 

Suppose we have a probability measure 
p defined on subsets of interval X which 
are formed from a finite number of set op- 

8G. Polya, Patterns of Plausible Inference (Prince- 
ton, N. J.: Princeton University Press, 1954); W. Fel- 


ler, An Introduction to Probability Theory (2nd ed.) 
(New York: John Wiley and Sons, 1957). 


erations on intervals. The distribution 
maneuver consists of defining an ordinary 
function p(x) which assigns to every num- 
ber xz in X a nonnegative real number 
p(x) in such a way that the measure p(A) 
of a measurable set in X is given by the 
integral 


f o(z)de, 


where the integral is extended over the set. 
A. This function p(x) is called a density 
function for the measure p. Now these 
ordinary density functions p(x) can be 
represented by formulas or by any of the 
usual devices, and they give us indirectly 
a representation of the measure because 
we can compute the measure of any 
measurable set A by integration. 

A good set education should not only 
include a familiarity with this device in 
the abstract but also an acquaintance 
with some of the principal distributions, 
certainly the binomial density function, 
the normal probability density given by 


— 


and the Poisson density function.® 


p(x) = 


CoNncLUSION 

This list of maneuvers by no means 
exhausts the possibilities. Consider, for ex- 
ample, what can be done with the topo- 
logical maneuver, which consists of select- 
ing out of the set of subsets 2* a special 
collection called “neighborhoods” which 
are required to satisfy the Hausdorf 
axioms. Besides this, there are many alge- 
braic structures which could be super- 
imposed upon the set structure of X. 
These are the maneuvers of set. thinking. 
They are intended to introduce set think- 
ing to the young student, not as an ab- 
stract postulational subject to be learned, 
and not as a subject to be merely talked 
about, but as a set of intellectual tools 
which can contribute much to his powers. 

* “Introductory Probability and Statistical Infer- 
ence for Secon‘ary Schools,”” Commission on Mathe- 


matics, College Entrance Examination Board, New 
York, 1957; Feller, op. cit., Chaps. VI, VII. 
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Mathematics 


in the total school program 


MAURICE L. HARTUNG, University of Chicago, Chicago, Illinois. 
Three general principles for the organization of a curriculum 


are set forth, and their implications for mathematics 


EvEerRYONE reading this article is familiar 
with the broad outlines of the instruc- 
tional program in mathematics in the ele- 
mentary and high schools. It is sometimes 
helpful to think of the course of the pro- 
gram as like that of a river. The subject 
begins in grade one as a tiny stream of 
ideas gained informally at home and in the 
kindergarten. At this early stage the 
stream is named “arithmetic”. Gradually 
it broadens and deepens, and as it enters 
junior high school territory it is enriched 
by a major tributary called “geometry”’. 
Here the nature of the stream begins to 
change, and in recognition of its new 
character it is sometimes now called 
“general mathematics’. To some ob- 
servers, however, this is a misnomer. They 
see the same fundamental elements that 
were in “arithmetic” still continuing in a 
generalized form called “algebra” as the 
stream approaches and moves into senior 
high school territory. These elements flow 
along one bank, so to speak, while those 
from the tributary called “geometry” 
flow along the other. To many of these 
observers there seems to be little blending 
of the waters. 

Let us consider the mathematics pro- 
gram for a twelve-year instructional span. 
To pursue the simile one step farther, 
this seems like trying to map in one day a 
river twelve hundred miles in length. It is 
clear that we must try to avoid getting 
bogged down in details. Only the major 
features may be roughed in. 
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in the elementary and secondary schools developed. 


I do not intend to discuss the impor- 
tance of mathematics or its role in the 
curriculum. I take it for granted that the 
importance of mathematics is recognized 
by all educated persons today. There are 
notable differences of opinion as to how 
much knowledge of mathematics and skill 
in using it are essential for general educa- 
tion. There are also wide differences of 
opinion concerning the nature of the most 
effective learning activities and how the 
subject should be organized for teaching. 
Some of these issues will be touched upon 
as we proceed. Rightly or wrongly, I 
have concluded that we must focus our 
attention upon the organization of the 
mathematics curriculum. Much of what I 
have to say is directed to the following 
questions: What is good about the way 
instruction in mathematics is organized? 
What is not good about it? 

It will help us in thinking about these 
questions if we recognize that some gen- 
eral principles, or criteria, of good organi- 
zation are found in general curriculum 
theory. I shall use three of these. First, 
the learning activities should provide for 
continuity of experience. Described infor- 
mally, this means that each chunk of ex- 
perience is joined to the one that follows 
it in time, and in some cases the joining 
occurs also with respect to other variables 
in the situation. If one arrangement of the 
activities provides more continuity of ex- 
perience than another, it is better or- 
ganized. 
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A second criterion of a good organiza- 
tion of learning activities is that the se- 
quence should provide for a broadening 
and deepening of experience. If, for ex- 
ample, a particular course of study calls 
only for repeating the same experience 
over and over, this criterion would be vio- 
lated. In practice, every course of study 
provides for some broadening and deepen- 
ing of experience, but courses vary a great 
deal in how well they meet this criterion. 

A third criterion of a good organization 
of learning activities is that the experi- 
ences should be maximally integrated. In 
short, if one organization provides for 
more integration than another, it is better 
organized. The term integration here refers 
to the recognition of relationships between 
concepts or skills that are usually classified 
under different subject names, such as 
mathematics and science. When learning 
activities are so organized that recog- 
nition of such relationships occurs, the 
learning is said to be integrated. 

Before turning to a discussion of the 
mathematics curriculum in relation to 
these criteria, let me remind you that they 
are general and apply to any curriculum. 
I would use the same criteria if I were dis- 
cussing reading, social studies, science, or 
programs that are not organized in terms 
of subjects. The purpose of organization is 
to facilitate and maximize learning. The 
three principles I have referred to are in- 
cluded in curriculum theory because they 
help do this. 

When the mathematics curriculum is ex- 
amined in terms of the criterion of con- 
tinuity, certain features are immediately 
apparent. There was a time when many 
schools had no organized instruction in 
arithmetic in grades one and two, and this 
is still true in some schools. Most schools, 
however, now have some sort of syste- 
matic instruction in these grades. Those 
that do are in a position to provide better 
continuity of experience than those that 
still have no systematic program. 

All schools have some sort of arithmetic 
program in the intermediate and junior 
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high school grades. If one examines the 
schedule, he will find time provided for 
arithmetic. Assuming the schedule is fol- 
lowed, continuity from day to day and 
from year to year is at least possible. 
Above this point in the grade structure 
there is no such assurance. Some high 
schools nowadays require little or no 
mathematics for graduation, and for stu- 
dents whe do not elect mathematics, con- 
tinuity of experience in this field becomes 
almost nonexistent. In many small high 
schools, courses above the minimum re- 
quirement are not offered, and hence stu- 
dents cannot elect them. In these cases, 
the criterion of continuity cannot be met. 

Employers and college or university 
faculty members have been known to 
complain that high school graduates are 
deficient not only in knowledge of high 
school mathematics, but in the funda- 
mentals of arithmetic. It is widely recog- 
nized that among the reasons for this is 
the gap for a majority of the students in 
their formal experience with arithmetic 
between the end of the elementary school 
and the time they enter employment or 
college. This gap, or lack of continuity, is 
real, and our curriculums would be better 
organized if the gap did not exist. 

I do not intend to discuss this problem 
at length, but before leaving it, I feel I 
must remind you of another place where 
the usual organization interferes with 
continuity. It is common in high schools to 
schedule a year of algebra to be followed 
by a year of geometry, then more algebra 
(a half-year or year), and eventually more 
geometry. It has long been recognized that 
this organization has serious weaknesses. 
The United States is almost the only 
country in which this organization is 
found. A number of remedies have been 
proposed, and some have even been tried. 
One of these is to schedule a student for 
two or three periods of algebra and three 
or two periods of geometry in the same 
week. Although used successfully else- 
where, this has never been popular in the 
United States. I mention this here because 


it illustrates how an organizational weak- 
ness (here in the form of poor continuity) 
can be recognized but tolerated for years. 
It is therefore not surprising to find or- 
ganizational weaknesses that have not 
been widely recognized also existing at ev- 
ery grade level. 

Although under existing conditions an 
allotment of time in the schedule is prob- 
ably necessary to secure continuity of 
experience, this alone will not provide as 
much continuity as is desirable and pos- 
sible. The way this time is used is obvi- 
ously important. 

One way to secure better continuity is 
to select one or more of the objectives for 
special emphasis as an organizing element, 
or unifying theme. To serve most effec- 
tively in this way, the objective chosen 
should be one that is appropriate for em- 
phasis in all the grades being considered. 
As illustrations, I shall discuss two such 
objectives. The first may be stated as fol- 
lows: the pupil should understand the na- 
ture of the symbolism of mathematics and 
its role in the development and communi- 
cation of the ideas. The second objective 
states that pupils should understand the 
number systems of mathematics. 

Symbolism plays such an important 
role in mathematics that many persons 
think the symbols are the mathematics 
and do not consider them as tools for de- 
veloping and communicating ideas. There 
are some difficult philosophical issues here 
that I must leave undiscussed while com- 
menting upon the objectives as stated. 

It is necessary to remember that mathe- 
matics deals with objects, with operations, 
and with relations. In arithmetic, the ob- 
jects are numbers. Numbers are not con- 
crete objects. Numbers are abstract con- 
cepts. To help children acquire these 
abstract concepts we use concrete objects 
—blocks, sticks, and the like—but there 
is no such thing as a concrete number, and 
the expression “abstract number”’ is tauto- 
logical. Although the numbers in arith- 
metic are uncountable, every number can 
be represented by a symbol, or name. This 
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is accomplished by using systems of nu- 
merals—that is, symbols—that stand for 
the numbers. 

In the first grade of school, or earlier, 
children begin to learn how to use the 
Hindu-Arabic numeral system to name the 
natural numbers. The key idea of this sys- 
tem, as you know, is the use of position or 
““place”’ in the numeral to indicate groups 
of tens, of tens of tens (i.e., hundreds), ete. 
As a result of this feature, only ten marks 
are used in writing (or “naming’’) any 
natural number. 

Modern arithmetic programs give a 
greal deal of attention in the primary 
grades to helping children learn this sys- 
tem of numeration and understand the 
principles on which it is based. One reason 
for this is that mathematics also deals 
with operations, and it is impossible to 
understand how these are accomplished 
without a good understanding of the 
principles of the numeral system. How- 
ever, even if these understandings were 
not useful in learning to compute, some 
attention to them would still be justified 
as a part of general education. It is difficult 
to see how our present. state of civilization 
could have been developed in the absence 
of an efficient numeral system. It is amaz- 
ing that children in the primary grades 
can learn the basic principles with ease 
and enjoyment. 

As pupils advance into the middle 
grades, they find that much of their work 
in arithmetic is with fractions. The sym- 
bolism for fractions involves the simul- 
taneous use of two numerals that repre- 
sent “whole numbers’”’. Moreover, a frac- 
tion numeral, suchas (or “two-thirds”’), 
not only involves a pair of numbers but 
also expresses the ratio relation of 2 to 3 
between them. Thus the fraction idea and 
the interpretation of fraction numerals 
requires a considerable broadening and 
deepening of the concepts of number and 
symbolism. The placement of fraction 
concepts in the middle grades thus con- 
forms with the criterion of good sequence 
in curriculum planning. 
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As the pupils approach the junior high 
school grades, there is a notable extension 
in the symbolism of mathematics when the 
decimal fraction notation is introduced. 
Since decimal fractions provide an alter- 
native method of expressing fractions in 
symbols, attention should be focused on 
the relative advantages and disadvantages 
of the two different methods of symboliz- 
ing fractions. Later, if the pupils continue 
their study of mathematics in the senior 
high school, they should learn that the 
decimal notation is also often used to ex- 
press in approximate form the members of 
a more inclusive class of numbers, namely, 
the real numbers. This class includes such 
numbers as square roots, cube roots, and 
the famous number named z. 

In the early years of the junior high 
school there is seldom any notable exten- 
sion of the number system. In the ninth or 
tenth grade, however, a truly remarkable 
extension occurs when negative numbers 
are introduced. The new numbers are rep- 
resented by a new set of symbols, but 
these so resemble the familiar numerals of 
arithmetic that their distinctive nature is 
often not fully appreciated. The emphasis 
is upon the rules for computing with these 
new symbols. 

Similarly, although square roots are 
studied in the junior high school grades, 
the approach is primarily computational. 
The notion that there is a system of irra- 
tional numbers is inadequately developed 
even in senior high school mathematics pro- 
grams. Instead, the emphasis even in the 
advanced courses is upon computational 
aspects such as ‘“‘adding radicals”’ or “‘find- 
ing square roots’’. The fact that the vari- 
ous computational methods available for 
“finding square roots” involve only a 
change from one method of symbolizing a 
number to another method of symbolizing 
the same number is not emphasized suffi- 
ciently. As the mathematics program for 
the high schools becomes modernized, the 
extension of the number idea to include 
the irrationals as a system, and also the 
related ideas about the symbolism, will 


undoubtedly receive more emphasis. If so, 
these concepts of number system and sym- 
bolism can again be seen as meeting the 
criteria for good continuity and sequence 
in curriculum construction. 

In the senior high school, there are 
other opportunities to exploit the concept 
of number system and the related sym- 
bolism to gain better continuity and se- 
quence. The system of complex numbers 
is one obvious example. It should be clear, 
however, that mathematics is at present 
organized for instructional purposes so 
that some fundamental ideas are intro- 
duced early, and can be developed with a 
high degree of continuity. Moreover, they 
lend themselves to the systematic broad- 
ening and deepening characteristic of su- 
perior learning sequences. Although these 
ideas are not at present fully exploited, 
perhaps no other subject in the curriculum 
is capable of meeting these criteria so 
completely. 

Nothing has been said thus far about 
the use of these fundamental and pervasive 
concepts in securing maximum integration 
of experience. The truth is that concepts 
of this sort are not particularly useful in 
integrating mathematics with other sub- 
jects. These are content-centered objec- 
tives. It is characteristic of content- 
centered objectives in any field that they 
do not readily suggest opportunities for 
integration of experience. The concept of 
symbolism does play a role in many other 
fields and can be used to improve integra- 
tion, but I shall not go into these oppor- 
tunities. 

Thus far we have been considering one 
class of objects with which mathematics 
deals, that is, numbers. Earlier it was 
pointed out that mathematics also deals 
with operations. The names of the four 
fundamental operations, addition, sub- 
traction, multiplication, and division, are 
well known. In arithmetic each of these 
operations is represented by a different 
symbol, but it is surprising to find that 
these symbols do not have names. Never- 
theless, we readily recognize the familiar 
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sign for addition and read it “‘plus’’. Simi- 
larly, the sign for subtraction is read as 
“minus”; the sign for multiplication is 
read “times” or ‘‘multiplied by’’; and the 
sign for division is read “divided by”’. 
Unfortunately, the meaning of several of 
these operations—particularly multipli- 
cation and division—is not well known 
even by teachers, to say nothing of many 
pupils. 

In a good arithmetic program a start 
toward learning the meaning of addition 
and subtraction is made in the first grade. 
Some programs begin to do a little in- 
formal readiness work for multiplication 
and division in the second grade. In all 
programs, the four fundamental opera- 
tions are attacked with vigor in the third 
grade and are pursued relentlessly as long 
as a pupil studies mathematics. The per- 
sistent recurrence of these fundamental 
operations throughout the total program 
insures a relatively high degree of conti- 
nuity in the organization of the mathe- 
matics curriculum. 

Moreover, as the pupils progress up the 
grade structure they apply these opera- 
tions to ever larger numbers, to fractions, 
to negative numbers, and so on through 
the other classes of numbers that make up 
the extended concept of number. Also, as 
they reach the junior and senior high 
school, some pupils learn to use these 
operations with the literal number symbols 
of algebraic formulas and other algebraic 
expressions. Thus there is organizational 
sequence such that the learning experi- 
ences are greatly broadened and deepened. 

The highly sequential nature of the 
mathematics curriculum has long been 
recognized. The steady building of the 
mathematical edifice stone by stone, the 
harmonious addition of wings to the struc- 
ture in the form of various extensions to 
new classes of numbers and more and more 
generalized concepts, is one of the reasons 
mathematical learning is widely respected. 
At the same time, the program is not as 
well organized as it could be. Perhaps one 
or two additional examples will suffice to 
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indicate some possible improvements in 
the organization of learning activities. 

The ability to solve verbal problems is 
generally accepted as an important objec- 
tive of mathematical instruction. This ob- 
jective is universally considered to be a 
difficult one to achieve, and present 
achievement is commonly regarded as un- 
satisfactory. A careful analysis of current 
instructional practices suggests some pos- 
sible reasons for this state of affairs. 

In the first place, children are often not 
given adequate instruction in the meaning 
of the fundamental operations. The term 
“meaning” here refers to actual or im- 
agined physical actions with objects from 
which mathematical concepts may be ab- 
stracted. In the primary grades, the physi- 
eal action of combining two or more 
groups of concrete objects is now being 
widely used to introduce the concept of 
addition and to give meaning to the “plus 
sign” that is used to symbolize the opera- 
tion. Similarly, the demonstration of a 
concrete basis for the concept of subtrac- 
tion is now very common. The meaning of 
multiplication and of division, however, 
too often remains obscure in the minds of 
pupils. Consequently, when faced with 
concrete problem situations, they have no 
adequate basis for recognizing the appro-. 
priate mathematical operations the situa- 
tion suggests. 

We must, however, overcome the temp- 
tation to discuss these meanings in order 
to examine further the contribution of the 
concept of operation in securing good 
organization of the curriculum when 
judged in terms of the criteria for conti- 
nuity and sequence. 

In the second place, even if pupils recog- 
nize the appropriate operations they are 
not taught how to express the operations 
in symbolic form. Instead, they are taught 
to begin computing. Frequently pupils 
rush into a computational process that is 
not appropriate—for example, they add 
when they should subtract—because the 
situation has not been successfully ana- 
lyzed. Briefly, we expect pupils to make 
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an analysis but neglect to give them sym- 
bolic tools for stating and communicating 
their thinking. 

The symbolic tool most frequently 
needed to state the analysis of a problem 
situation in arithmetic is the equation. For 
many years equations have appeared in 
text materials for very young children. 
These equations have been written in 
forms such as 3+4=?, or 3+_=8, or 
3X(?)=12. Thus the equation form has 
been used to state computational exercises, 
and there has been no objection to this 
symbolic device. One justification for such 
exercises is that the thinking thus symbol- 
ized is needed in solving verbal problems. 
It should be noted, however, that pupils 
have rarely been encouraged to formulate 
for themselves the equations for a problem 
situation. This is, I believe, purely the 
result of tradition and historical circum- 
stance. Through seven or eight years of 
schooling we have asked children to ana- 
lyze problems by purely mental operations 
and have neglected to give them adequate 
symbolic tools. 

The formulation of equations has never 
been a part of instruction in elementary 
arithmetic, but is considered an impor- 
tant aspect of elementary algebra. Actu- 
ally, the equations always exist even in the 
most elementary stages of arithmetic in- 
struction. They are and always have been 
as much a part of arithmetic as they are of 
algebra. The only difference is that in 
arithmetic the problems and the corre- 
sponding equations are invariably simple, 
and reasonably bright children can by 
considerable effort and practice learn to 
analyze the problem situations without the 
explicit use of the symbolism for equations 
to aid their thinking. 

Various symbolic devices, such as the 
question mark or a blank space, have been 
used in equations to indicate that an initi- 
tially unknown number is to be found. 
Recently two of the most eminent psy- 
chologists in the United States, Buswell 
and Brownell, have used the literal symbol 
n to represent an unknown number in 


equations in their arithmetic textbooks as 
early as the third grade. These men, who 
have done a great deal of high-quality 
research on learning in arithmetic, evi- 
dently believe the use of this symbolism is 
justifiable and not beyond the ability of 
children as young as eight years of age. 
The organization of arithmetic programs 
is improved when children in the ele- 
mentary grades are taught how to use 
simple equations to help them think 
through problem situations. 

A somewhat analogous situation exists 
in the elementary algebra courses of high 
schools. These courses ordinarily have a 
substantial unit which is called “Equations 
of the First Degree in One Unknown,” or 
something similar. A careful examination 
of the problems in this unit will show that 
the great majority actually involve more 
than one unknown number. Later there 
is another unit on ‘“T'wo Equations in Two 
Unknowns.” 

In actual practice, students are required 
in the first unit to solve problems in more 
than one unknown without using the 
methods that are most effective for such 
problems. In brief, they are required to so 
analyze the situation mentally as to enable 
them to express all of the unknowns in 
terms of a single literal number symbol. 
Later they are shown how the thinking is 
made more direct and easier by introduc- 
ing a different symbol for each unknown 
and using the techniques of algebra to 
express all the unknowns in terms of a par- 
ticular one. 

As far as I can determine, the only rea- 
son this organization of learning activities 
persists is tradition. Students are denied 
the full fruits of algebraic methods because 
courses of study call for a sequential or- 
ganization that is less than optimumly 
effective. 

These examples indicate that the conti- 
nuity and sequence of mathematics pro- 
grams may be impreved by a more careful 
analysis of the way equations are involved 
in the structure of mathematics itself. 
There are also other ways. However, we 
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must recognize that some people think 
mathematics is already too continuous and 
too sequential. These characteristics lead 
to difficulties for students who do not learn 
according to the blueprints of the curricu- 
lum. If a pupil is absent because of illness 
or other reasons, his loss is much more 
serious in mathematics than in many other 
less well-organized subjects. 

In an optimumly effective curriculum, a 
pupil could not lose out on anything 
without later feeling the effects of the loss. 
I think we can appreciate how far we now 
are from an ideal curriculum when we con- 
sider all the things a pupil can safely miss 
without getting into serious difficulties 
later. In arithmetic, however, if he fails to 
learn certain fundamental things he is 
handicapped immediately. His difficulties 
are usually cumulative and lead to rapidly 
mounting frustration and dislike unless 
the gap in continuity and sequence is 
promptly and effectively repaired. We 
thus have the paradoxical situation that 
the highly effective organization of mathe- 
matics often leads to serious learning diffi- 
culties. These difficulties should not be 
blamed on the subject, but rather upon 
failure of teachers or pupils to follow the 
curriculum plans in practice. 

It was pointed out earlier that mathe- 
matics deals with abstract conceptual ob- 
jects, operations, and relations. The ele- 
mentary school curriculum in mathematics 
includes some geometric concepts, includ- 
ing the names and properties of simple 
geometric figures. In elementary geometry, 
operations play a minor role, while rela- 
tions become prominent. In arithmetic, 
the relation of equality is dominant. In 
geometry, relations such as parallelism 
between lines, perpendicularity between 
lines, congruence between various geo- 
metric figures, similarity between poly- 
gons, these and others greatly enrich the 
student’s knowledge of mathematical re- 
lationships. 

It would be instructive, I think, to ex- 
amine the geometric aspects of the cur- 
riculum in terms of continuity, sequence, 
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and integration. The situation is com- 
parable to that discussed above for num- 
ber and operations, but cannot be ex- 
plored here. It might also be of some inter- 
est to discuss how the basic concepts of 
arithmetic will be enriched in the emerging 
new high school curriculum. The study of 
sets of numbers and of corresponding sets 
of points in the plane will undoubtedly re- 
ceive more emphasis. So also will the rela- 
tions of inequality, such as “greater than’’, 
and functional relations of various types. 
Of special importance will be the emphasis 
upon the basic postulates of arithmetic 
(for example, the “commutative law” 
a+b=b+a), and the role these play in the 
operational processes. 

These suggestions cannot, however, be 
discussed at length. It must suffice to say 
that if modernization of the high school 
mathematics program is to be successful, 
the arithmetic program in the elementary 
schools must be modernized first. This is 
taking place slowly, but there is a tre- 
mendous backlog of traditional methods 
and lack of understanding of arithmetic on 
the part of teachers of both levels to be 
overcome. It will, however, be overcome, 
and then pupils will not only be better 
prepared to use arithmetic as a tool in 
their daily activities, but also better pre- 
pared for the further study of mathe- 
matics in a modernized high school cur- 
riculum. 

We have yet to consider seriously the 
criterion of integration. It is not immedi- 
ately apparent that there is much integra- 
tion between arithmetic and the concepts 
or skills of other subjects. Actually, arith- 
metic has a fairly high degree of integra- 
tion with other learning, but it is achieved 
through applications of mathematical 
methods to a wide variety of problems, 
rather than through the interrelatedness 
of content between the fields. 

One has only to examine the variety of 
the problem situations presented to chil- 
dren in a modern arithmetic program to 
see how pervasive the mathematics can be 
in the life and learning of the pupil. At 
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the same iime, we must admit that inade- 
quate achievement and unfavorable atti- 
tudes toward arithmetic on the part of 
many pupils and teachers lead them when- 
ever possible to avoid opportunities to use 
arithmetic outside the regular arithmetic 
period. It seems obvious that to get better 
integration through the use of mathe- 
matics in other fields it will be important 
to insure first of all that the attitudes of 
children toward arithmetic remain favor- 
able. I say “remain” advisedly, because 
children’s attitudes generally are favor- 
able at the outset, but far too often chil- 
dren are alienated from arithmetic by 
being required to participate in poorly 
planned learning activities or victimized 


by bad instructional methods. 

The mathematics program at every 
level is being more actively reconstructed 
than ever before. Every year more chil- 
dren than ever before learn arithmetic by 
methods that lead to understanding and 
insight. Although as sensible educators we 
must recognize that there is room for im- 
provement, we should not let statements 
that the mathematics curriculum has de- 
teriorated go unchallenged. Instead, we 
should, like all boosters and good poli- 
ticians, point with pride to mathematics 
as not only “the queen of the sciences,” 
but also as a school subject which ranks 
high in any careful evaluation of effective 
curriculum organization. 


By means of the standard formula it is easily 
shown that the indicated sum of 1+3+5+ -- - 

+(2n —1) is n*. This bit of intermediate algebra 
can be neatly tied in with the work in areas in 
plane geometry. 

Let the radii of a family of concentric circles 


0,, Oo, +, 0,,°° * bel, 
Represent the kt® annulus between two successive 
circles by Ry, so that 


R, =(2k+1)x. To complete the sequence of odd 
integers let Ry be identical with the area of cir- 
cle 0,, and, hence, Now, obviously, Ro+R, 
+Ro+ +++ together constitute the area 
of circle O, Therefore, ++3r+5r+-- 

+(2k =xk* so that 


143454 +(2k-1) =k. 


If, instead of concentric circles with annuli 
of equal widths, we use circles whose radii are 


K(k +1) 


1, 3, 6, 


then the successive annuli have areas x, 87, 
27x,--+, But, again, Ro+Rhi+R2+ - - 
+R,_; together constitute the area of circle 0,. 


A geometric viewpoint in elementary 


series 


Therefore, 

k(k+1)7? 

so that 


+1)? 


For the more appreciative student, one can 
try an extension to solid geometry. Starting with 
a — of concentric spheres with radii 1, 2, 3, 

k and using an analogous notation, we 
find ‘that the volumes of the successive spherical 
shells are 


In the sequence 1, 7, 19, 17, - - - it is the sec- 
ond-order differences that are constant as com- 
pared with the first-order differences of 1, 3, 5, 
7,:°+. This fact can be used to indicate the 
cubic nature of the result of 1+7+19+37 
+++, and, finally, to obtain the result itself, 
namely, 


L+7+19+ +(3k?-3k+7) =k. 


—Charles T. Salkind, Polytechnic Institute, 
Brooklyn, New York. 
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Mathematics teaching 
in American classrooms 


A. W. JONES, Education Department, Adelaide, South Australia. 
An Australian, visiting our classrooms for six months, 
gives some insightful reactions to what he observed. 


THROUGH THE GENEROSITY of your Gov- 
ernment—and Americans can claim to be 
the most generous people in the world—I 
have been able to spend six months visit- 
ing, observing, and participating in your 
secondary schools.! No one could claim to 
know all about the American high school 
after six months’ study, even as intensive 
as mine has been. But with the benefit of 
careful planning by the U. S. Office of 
Education, the untiring and intimate 
assistance of state departments of edu- 
cation, boards of education, help from var- 
ious American communities, and above all 
the willingness of many American teachers 
to have me in their classes to observe them 
at work and to join in very frank discus- 
sions, I doubt if anyone could have seen 
more in six months. I was given, too, abso- 
lute freedom in the schools I visited, even 
to the extent of being permitted to get 
opinions of students about their school, 
their courses, and their teachers. My expe- 
rience as an inspector of schools in Aus- 
tralia undoubtedly gave me an advantage 
in assessing the effectiveness of lessons in 
a limited time. And when you have 
finished reading this article you will say, 
“Yes, and an advantage in finding fault 
rather than merit, like all such ilk.” 
Your editor, who learned of my experi- 
ence as a mathematics teacher and author 
of textbooks in Australia, has asked me 


1 Mr. Jones was one of two Australian grantees in 
the 1956-57 International Teachers Education Pro- 
gram sponsored by the American Office of Education 
under the Smith-Mundt and Fulbright Acts. 


to give you my impressions of mathe- 
matics teaching in American high schools 
as I saw it. I would rather put my name 
to an article on the many features of 
American education that impressed me 
more favourably, and there are many. 
On frequent occasions, in print and 
from the public platform, I have lauded 
American youth, their personal charm 
and social poise. There is not much wrong 
with a school system that can produce 
such a high percentage of fine young 
people. It is an unfortunate result of the 
frankness and uninhibited statements of 
Americans that the world hears only of the 
doings of a small minority of your youth. 

I must confess that I did not come to 
America specifically to study mathemat- 
ics teaching. My field of study was Admin- 
istration and Supervision. Consequently I 
visited state departments of education, su- 
perintendents’ offices, universities and col- 
leges, but as one who believes that all ad- 
ministration and supervision should be 
aimed at improving instruction for the 
better education of children. I found my- 
self attending as many schools as possible 
and quickly getting into classes at work— 
more often than not mathematics classes. 
The schools I visited were not chosen for 
their excellence in mathematics and conse- 
quently will make more valid my state- 
ments about thegeneralrun of mathematics 
teaching in American classrooms. 

I had read the various yearbooks of 
The National Council of Teachers of 
Mathematics, had seen some of your ex- 
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cellent textbooks (with teachers’ guides), 
and some of the materials and aids sup- 
plied by various agencies. In the class- 
room I expected to see the activities sug- 
gested in these sources to enliven the 
work and stimulate the pupils. I was very 
disappointed. Only once in a primary 
school and once in a junior high school 
did I see any of these in action, only rarely 
did I see the results of any such activity 
from past lessons, and what I considered 
worse, I found on the part of teachers 
practically no desire to motivate mathe- 
matics in such a way nor even sympathy 
with the approach. I even found a well- 
known author defending teachers who 
made no use of the historical references, 
number puzzles, and practical applica- 
tions of mathematics suggested in his 
book. One small girl when I asked, “Do 
you read the pages on the history of num- 
ber in your textbook?’’, replied that they 
were for the teacher only. At universities 
and colleges of education, when I inquired 
what was being done to give teachers a 
lead in enriching mathematics, particu- 
larly with practical applications, I was 
usually told that such a course was just 
being developed or revived or that there 
was no such course. 

I know that mathematics has other 
appeals and values to the student: its 
exactness, its symbolism, the joy that 
comes from skillful manipulation, and its 
broad field of functionality, but in keeping 
with American pragmatism I expected to 
see in its teaching mathematics more 
related to the practical affairs of life. No 
one would say that this aspect of mathe- 
matics teaching is strong in Australia, but 
I feel sure that there is a greater enthusi- 
asm for it among our teachers than yours. 
Perhaps we follow your enthusiasms after 
they wane in the U.S.A.! 

In the State that gave Garfield to the 
nation as President, I found no school 
where teachers or pupils had heard of his 
proof of Pythagoras’ Theorem. So the 
anomaly, or an example of international 
co-operation, became common in Ohio, an 


Australian teaching Americans an Ameri- 
can’s proof of this well-known theorem. 

This omission, of course, is unimportant 
in itself, but the underlying reason for it 
is most important. Garfield’s proof is 
essentially an algebraic proof of a geo- 
metrical fact, and in the U.S.A. algebra 
and geometry do not mix—algebra in 
ninth grade, geometry in tenth grade, re- 
turn to algebra and forget geometry in 
eleventh grade! This, to my mind, is the 
most serious defect of mathematics teach- 
ing in America, namely, the lack of sequen- 
tial study of the major branches of mathe- 
matics: arithmetic, algebra, geometry, 
trigonometry, at least for some students, 
for the bulk of their high school years. 
Surely such an approach in which stu- 
dents have some contact with several 
branches of mathematics would be in 
keeping with American educational phi- 
losophy. It certainly fits the tenets of a 
general education better than the present 
piecemeal approach. Surely, too, it adds 
to the cultural background of students 
who may use their mathematics little if at 
all in later life, in that they will appreciate 
the fact that for the general good some of 
their fellows must earn their living from 
mathematics. 

Some of you will say, ‘He chooses to 
ignore the good work we do in general 
mathematics in junior high school in 
seventh and eighth grades.”” My experi- 
ence was that this rarely got beyond being 
“daily life arithmetic’, and then more 
arithmetic than daily life. Perhaps some 
contact with the simple algebraic equa- 
tion and a little of the vocabulary of 
geometry were included. Trigonometry in 
which the algebra, arithmetic, and ge- 
ometry could be used was often included 
in the textbook, but not usually reached 
by the classes. 

In the arithmetic, too, I found great 
reliance on the textbook exercises rather 
than on those that could be gleaned from 
students’ daily lives. Not always were the 
textbooks in use the most modern or the 
best available. As one seventh-grade 
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student remarked, “This book must be 
out of date—ten cents an hour for baby 
sitting when I get fifty.” Local control by 
a board of education can sometimes be 
more restrictive than state control as Aus- 
tralia knows it. In this particular case, I 
learned that the books had been in use for 
seventeen years. 

I believe that American teachers would 
like to teach mathematics in this way, as 
related parts—in a few systems I believe 
they do—but they have little voice in such 
matters, and the hierarchy of educa- 
tionists who largely determine programs 
have other things they value more. 

First, they place little worth on mathe- 
matics as providing a valuable contribu- 
tion to the development of young people 
in learning to live together, but place more 
value on the more discursive socially sig- 
nificant subjects, such as orientation, his- 
tory, and problems of democracy. Most 
states require only one unit of mathemat- 
ics for high school graduation. Many in- 
dustrialists in the world’s greatest de- 
mocracy could tell me one of its greatest 
problems at present is closely related to 
the amount of mathematics taught in high 
schools. 

Second, time-tabling and allotment of 
units of credit would be more difficult to 
arrange. It is another one of these queer 
contradictions evident in the U.S.A. You 
do much self-analysis, hold all aspects of 
your educational system up to critical 
examination, yet matters like units of 
credit remain sacrosanct and inviolate. It 
is far more important to be able to say 
that Johnny has 2} or 33 units of mathe- 
matics than that he has achieved any real 
understanding of mathematics as a related 
whole in two, three, or four years. I have 
met students who have done two years of 
algebra, yet have no knowledge of loga- 
rithms. Still, I believe it is possible to get 
an M.A. in English, yet study no Shake- 
speare. 

Third, administrators realize that if the 
major branches of elementary mathe- 
matics are taught concurrently, but at a 


slower pace, more time would need to be 
devoted to it, or at least more teaching 
power would be needed for it. This, of 
course, raises barriers, one of philosophy, 
and one of sheer expediency: shortage of 
teachers of mathematics. 

Australia gives a greater portion of 
school time to mathematics than is allotted 
in most parts of the world. For this we 
have been criticised. Outside professional 
educators, and occasionally within the 
services, I found much support in the 
U.S.A. for this greater attention to mathe- 
matics. In Australia, I have never met a 
boy who said in later life that he had too 
much mathematics at school. 

Among supervisors of mathematics, I 
met some fine people. Sometimes they 
combined supervision of mathematics and 
science, and somehow the science always 
got the lion’s share of attention. Some- 
times they combined supervision of ele- 
mentary and secondary mathematics; in- 
variably their attentions were focused on 
the elementary level. In some systems I 
found full-time consultants in mathe- 
matics at the secondary level, and it was 
usually in these schools that the most 
sound and progressive work was being 
done. Yet even here there was much 
bemoaning the fact that industry took the 
cream of mathematicians from universi- 
ties, teachers colleges, and schools, and 
the consultants were left with the others 
to inspire as teachers. Sometimes the con- 
sultant was so busy with public relations 
and being accepted in the school that he 
had little time to be critical or helpful with 
the teaching of mathematics, except to 
praise what, at least on one occasion, I felt 
was a mediocre and laboured presentation 
of unimportant work. 

As I stated earlier, my contact with 
American mathematics teaching was 
largely at first-hand in the classroom, as 
it actually takes place in schools not 
speeally selected for their work in mathe- 
matics. To give more point to my observa- 
tion of American classroom practice, I 
make some comparisons between Ameri- 
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can and Australian techniques. I am 
conscious that one is prone to judge his 
own country’s best practices, those advo- 
cated in courses of instruction or curricu- 
lum manuals, with actual performance in 
the foreign country. Naturally I have ob- 
served wide departures from this ideal 
best in Australia, but all observers of our 
two systems will agree that educational 
publications in Australia give a picture 
nearer actual practice than is the case in 
America. That is something our centrally 
controlled systems do—give a flatness and 
evenness or maintain a uniform standard 
of efficiency, according to one’s point of 
view. 

The attention given to ‘‘mental” or quick 
“speed-and-accuracy”’ questions worked 
without the aid of pencil and paper is 
given less attention in the U.S.A. than 
in Australia, where many people consider 
that more emphasis should be given to it. 
But then we believe more in formal mental 
discipline in all school fare than you do. 

American teachers have their pupils at 
the blackboard working in front of the 
class more than do Australian teachers. 
There is much merit in this procedure, and 
I think we should do more of it. I admired 
the confident. way in which the students 
tackled the task and gave coherent expla- 
nations of the work. On the whole, I 
would give the students a higher grade for 
blackboard work than the teachers. 

American teachers use the blackboard 
somewhat more than Australian teachers, 
but certainly much worse. Australian ex- 
change teachers have a high regard for 
their American colleagues, their profes- 
sional attitude, and their greater ac- 
quaintance with educational thought, but 
invariably they have been amazed at their 
shockingly poor blackboard work. Not 
that the American could not do better, but 
apparently he sees no value in it. There is 
no one to point out the defect to him. His 
principal is only interested that his teach- 
ing conform to the school’s philosophy of 
education. The same applies to students’ 
bookwork, as we call it. We place consid- 


erable emphasis on neat, logical setting 
out, with clear figuring easily followed, 
along the lines of the work the teacher 
placed on the board. Frankly, much of the 
students’ work, always on loose paper in 
the U.S.A. (but in stapled books in Aus- 
tralia), would not be accepted by any Aus- 
tralian teacher. 

American teachers have an advantage of 
smaller classes. On the average there 
would be ten fewer in an American class 
than in an Australian class. Yet by and 
large, the Australian teacher would give 
more individual help to students. Not 
because the Australian is virtuous or the 
American is lazy, in fact both work very 
hard, but because the American spends 
too much time on verbal explanation and 
his lesson is not planned as well. I do not 
mean that the American teacher does not 
prepare well; he probably does more than 
the Australian, but he is loath to let his 
lessons fit into a pattern or a routine. The 
Australian pattern tends to be: a brief 
review or preparation for new work by 
means of mental questions; brief ex- 
planation and discussion with the class of 
new work; application by the students 
with the teacher moving among them, 
guiding and assisting. The Australian 
teacher, too, would insist that all were 
following his work at the blackboard, or 
all applying themselves at individual 
tasks, even if it meant the use of a stern, 
undemocratic voice occasionally. 

Even with a class of twenty-five stu- 
dents in seventh grade, the composition 
of these classes in the interests of democ- 
racy gives the American teacher little 
chance of helping individually. What 
chance would a teacher have in such a class 
when one girl answered both 9—0O and 
8+6 incorrectly, and in reply to 25+3 
said, “I can’t do division,”’ while others in 
the class were able to do “Find mentally 
the number of 20¢ pencils for $2.80’’? 

Australian teachers of mathematics 
have usually not had the length of training 
of their American counterparts, but the 
rank and file would know their elementary 
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mathematics better. I quote some class- 
room experiences in the U.S.A. to support 
my claim. 

A trainee teacher had a student in a 
tenth-grade class at a blackboard doing a 
problem which was in essence, “In the 
triangle ABC in which BC is produced to 
D and the angle ACD is twice the angle 
ABC, prove AC=BC.” The student 
reached a statement: ‘‘“x+2zr= 180, hence 
the triangle is equilateral and AC=BC.” 

The trainee, through inexperience and 
nervousness, lost the thread, so the super- 
vising teacher took over and said to the 
student, “You are quite right, but give 
your reasons.” 

You may say that this is an exception. 
I hope it is, although my sampling would 
indicate that such incidents would not be 
unusual. I could also give cases of assum- 
ing what was to be proved. Surely such a 
person should not be given the responsi- 
bility of supervising the practice-teaching 
of a trainee, nor, I would say, responsi- 
bility for geometry in a school. 

On another occasion I saw a charming 
and vital teacher at work with a class. I 
rated her well above average. Her black- 
board work was good, her explanations 
precise, her class alive and busy, she knew 
her pupils, and gave help with judgment. 
The lesson was a good one on the proper- 
ties of quadrilaterals. Yet every figure on 
the board, every figure on the students’ 
papers was drawn in the shape of a 
parallelogram. However, to my amaze- 
ment not one pupil fell into the trap of 
assuming the properties of a parallelogram. 
To my greater amazement, teacher and 
pupils seemed temporarily stunned when 
I pointed out that a quadrilateral could 
be drawn without having opposite sides 
parallel. 

You might think my selection of ex- 
amples here unfair, for I did see some slick 
mathematics by teachers and pupils, par- 
ticularly where there was a chairman of 
mathematics with authority and ability and 
not just seniority. In some accelerated 
classes, too, I saw some first-rate work. 


Perhaps it would not be unfair to as- 
sume that on television at least, one could 
expect quality work from the master- 
teacher who is going to be observed by 
many other teachers. I saw only one 
mathematics lesson on TV. It was dis- 
appointing. The lesson was on the theorem 
“The straight line joining the mid-points 
of two sides of a triangle is parallel to the 
third side and half its length.” A proof by 
inductive reasoning was well demonstrated 
first by means of slotted rods. Then the de- 
ductive proof was given using a pegboard 
and cords when a well-drawn chalk dia- 
gram would have been far more effective. 
Surely, too, when a student has reached a 
stage when he can follow a proof of such 
complexity, it is unnecessary to flash on 
the screen the reason for producing a 
straight line, “a straight line segment can 
be extended indefinitely in each direction.” 
This is particularly the case when such 
precision is followed by such a statement 
as “AB equals two times DC.” 

Was it mere coincidence that the best 
mathematics I saw was in schools where 
an externally-set examination was taken 
by students? Is mathematics a subject in 
which for its best teaching one needs con- 
tinually to check standards, get inspira- 
tion, ideas, and motivation from examina- 
tions set not by oneself, but by the best- 
informed people in the land on the subject 
and its teaching? When all is said and 
done, G. H. Hardy tells us in A Mathema- 
tician’s Apology that until relatively late 
in his mathematical education, he still 
looked upon mathematics as a competitive 
subject. 

As a foreign observer of your systems 
of education and of your country, I have 
not been able to solve the paradox of the 
relatively unimportant role that mathe- 
matics has in the secondary school con- 
trasted with the great importance of 
mathematics in your advanced civiliza- 
tion and the feats it has achieved. 

Are there any signs evident to a foreign 
observer that mathematics is likely to 
assume its rightful place and importance 
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in the secondary school curriculum? 


Definitely Yes. 

The clamour for greater mental disci- 
pline, for more teeth in education, is one. 
It comes, too, not only from the negative, 
bitter, and often unfair critics of American 
education, who see no value in anything 
not resembling the intellectual education 
of their childhood, when ten per cent of an 
age group graduated instead of the present 
sixty per cent. The plea comes from 
teachers, parents, industry, and even pro- 
gressive college professors. The trend is 
evident in steps being taken: regular test- 
ing, a return to final examinations, a 
tendency toward graded classes, publica- 
tion of courses at state level, a tendency 


What's new? 


toward more required courses and fewer 
electives, stiffer graduation requirements 
including more mathematics, and greater 
use of guidance. 

Another sign is the realization that 
mathematics cannot be taught by teachers 
without a sound knowledge of mathe- 
matics, its content and its methods. The 
summer courses and refresher courses 
sponsored by various foundations are evi- 
dence of this. Industry now appears to 
realize the importance of the mathematics 
teacher remaining in schools to teach, 
and boards of education are making it 
more and more attractive for the mathe- 
matician to remain at the teaching of 
mathematics. 
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Meta-mathematics and 
the modern conception of mathematics’ 


MORTON R. KENNER, Southern Illinois University, 


Carbondale, Illinois. 
Mathematics is an abstract science, 


and its abstractions give rise to many interesting studies, 


IT IS PERHAPS PERTINENT to begin this 
article with a few words indicating why it 
is proper that we who are concerned with 
mathematics education should also be 
concerned with such things as meta- 
mathematics. In this journal, it is hardly 
necessary to belabor the well-known facts 
that secondary school and college enroll- 
ments have swelled and are continuing to 
swell, that secondary and undergraduate 
curricula are being altered, revised, and 
experimented with. It should also be 
obvious, from the pages of this journal, 
that as the facilities of our colleges become 
more and more overtaxed and as our high 
school populations overflow into junior 
colieges—in many cases identical to the 
hiss sehool—our secondary teachers, and 
heaee our secondary teacher training pro- 
gram, of necessity, will have to become 
cognizant of changes which have occurred 
i Mathematics somewhat beyond and 
apart from the classically conceived sec- 
ondary level. These facts create many 
problems about which we are all aware. I 
do not intend to try to solve any of them 
in this article. But, whatever the solutions 
to these new problems will be—and there 
will undoubtedly be many solutions—it 
seems to me that all of these solutions will 
share at least one thing in common. All of 


1 Delivered, with slight revisions, on March 29, 
1957, at the Annual Meeting of the National Council 
of Teachers of Mathematics, Philadelphia. 


in particular, meta-mathematics. 


these solutions will in some sense recog- 
nize the contemporary view of the ab- 
stract nature of mathematics. They will all 
recognize that mathematics is a good deal 
more than how much or how many, a good 
deal more than do this and don’t do that. 

Sharing this contemporary view of the 
nature of mathematics does not necessarily 
mean that secondary mathematics must 
be conceived of and taught entirely ab- 
stractly—although it may well mean that. 
But it does mean that we must ourselves, 
as teachers, know many of the conse- 
quences of believing that mathematics is 
abstract. It should be unnecessary to 
remind ourselves that it is a poor teacher 
indeed who teaches everything he knows. 
In fact, what so often makes excellent 
teaching excellent is that which we know 
but which we do not teach. Understanding 
what meta-mathematics is, to a certain 
extent, is equivalent to understanding 
what we mean when we say that mathe- 
matics is abstract. In the twentieth cen- 
tury, this latter understanding is certainly 
an obligation of all mathematics teach- 
ers. 

The following discussion will attempt to 
sketch first some of the background neces- 
sary to an understanding of what meta- 
mathematics is, and second to discuss 
intuitively the nature of the subject and 
how it is related to abstractive tendencies 
in mathematics. 
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MATHEMATICS AND ABSTRACTION 

But what do we really mean when we 
say that mathematics is abstract? It is 
quite probable that we may mean two 
essentially different things. On the one 
hand, we may mean by abstractness the 
sort of thing which enables us to discuss 
a property (or properties) of a host of par- 
ticular mathematical systems at the same 
time. We can—and do—talk about an 
abstract group, for example, knowing that 
in some sense we are also talking about 
certain aspects of the set of symmetries of 
a triangle, or about certain aspects of the 
set of rational numbers under addition, 
or about certain aspects of many other 
mathematical systems that are quite 
different in many ways but yet share the 
one property of being models or repre- 


sentations of an abstract group. This type , 
of abstractness—the type which enables , 


us to deal so efficiently with so many 
mathematical systems simultaneously by 
considering universally conceived proper- 
ties shared by all of them—is an impor- 
tant part of current mathematics. To 
many, it represents in a nutshell what we 
mean when we say mathematics is ab- 
stract. 

There is, however, another equally im- 
portant meaning of abstractness. This 
other meaning of abstractness is most 
easily associated with the intuitive aware- 
ness which we display in recognizing that 
mathematics is independent—in some 
sense—of empirical knowledge. When we 
feel that the theorems of mathematics are 
not verified by experience or are not made 
true by experience or are not about experi- 
ence, we are sensing this other meaning of 
abstractness. This is the side of abstract- 
ness which led to Mr. Russell’s now 
famous quip about our ignorance. The 
evolution of this type of abstractness is 
common knowledge in the field of geome- 
try where the development of non- 
Euclidean geometry, from at least one 
point of view, purports to show that 
geometry is not a physical science. This, 
indeed, is one of the major lessons that we 


learn in studying the development of non- 
Euclidean geometry. But we should not 
forget that this evolution took place also 
in the field of algebra.? As late as 1770, 
Euler still believed that mathematics was 
the science of magnitudes. Number, for 
Euler, was conceived as being in the first 
and last instance an answer to the ques- 
tion “how many?” and in cases of exten- 
sive measure, “how much?” 

At about this same date, William Frend, 
in his book, The Principles of Algebra, 
printed in 1796, refused [sic!] to accept 
either negative or imaginary numbers. 
Frend defended his position with the fol- 
lowing words—words undoubtedly strange 
to our twentieth-century ears. He said, 


The ideas of number are the clearest and most 
distinct in the human mind; the acts of the mind 
upon them are equally simple and clear. There 
cannot be confusion in them. ... But numbers 
are divided into two sorts, positive and negative; 
and an attempt is made to explain the nature of 
negative number by allusion to book-debts and 
other arts. Now, when a person cannot explain 
the principles of a science without a reference to 
metaphor, the probability is that he has never 
thought accurately upon the subject. A number 
may be greater or less than another; it may be 
added to, taken from, multiplied into, and di- 
vided by another number; but in other respects 
it is intractable; though the whole world should 
be destroyed, one will be one, a three will be a 
three; and no art whatever can change their na- 
ture. You may put a mark before one, which it 
will obey: it submits to being taken away from 
another number greater than itself, but to at- 
tempt to take it away from a number less than 
itself is ridiculous. Yet this is attempted by al- 
gebraists, who talk of a number less than 
nothing, of multiplying a negative number into 
a negative number and thus producing a positive 
number, of a number being imaginary. Hence 
they talk of two roots to every equation of the 
second degree . . . they talk of solving an equa- 
tion which requires two impossible roots to make 
it soluble: they can find out some impossible 
numbers, which, being multiplied together pro- 
duce unity. This is all jargon, at which common 
sense recoils.* 


It was not until the middle of the nine- 
teenth century that Peacock, Gregory, 


2 For the discussion immediately following of the 
historical development of abstractness in algebra, I 
am indebted to the article by Ernest Nagel, ‘* ‘Impos- 
sible Numbers’: A Chapter in the History of Modern 
Logic,” Studies in the History of Ideas (New York: 
Columbia University Press, 1935), II, 425-475. 

3 Ibid., 436, quoted by Nagel. 


Meta-mathematics and the modern conception of mathematics 351 


| 
| 
| 


De Morgan, and Boole, in a series of books 
and papers, laid the basis for the modern 
abstract conception of algebra. The first 
of these men, Peacock, in his Treatise on 
Algebra of 1830, distinguished between 
arithmetic and algebra. He believed that 
in arithmetic, the symbols A and B 
represent or stand for integers or fractions. 
In algebra, on the other hand, Peacock 
felt that these signs need not represent 
integers and, in general, do not do so. 
Similarly, Peacock felt that in arithmetic 
the + and — signs represent or stand for 
the familiar addition or subtraction, 
whereas in algebra, only the formal proper- 
ties of possible operations are relevant to 
this symbolic algebra. Peacock argued 
that when formally defined operations are 
symbolically denoted, certain expressions 
or forms are obtained which are equivalent 
to other forms in virtue of the rules of the 
systems of symbols. The discovery of these 
equivalent forms, he felt, constituted the 
principal business of algebra. 

Gregory further clarified this point in 
1838, when he pointed out that symbolic 
algebra is the science concerned not with 
the combinations of operations defined by 
their nature (i.e., what they are or do), but 
concerned solely with the laws of combina- 
tion to which these operations are subject.‘ 

De Morgan, in 1839, took a further step 
and divided the algebra of Peacock and 
Gregory into two different types of algebra 
—that which De Morgan called technical 
algebra and that which he called logical 
algebra.’ Technical algebra for De Morgan 
is the art of using symbols under regula- 
tions which, when this part of the subject 
is considered independently of the other, 
are proscribed as the definitions of the 
symbols. Technical algebra then is a for- 
mal procedure, an operation on signs or 
symbols obeying prescribed rules. Logical 


4 Duncan F. Gregory, “On the Real Nature of 
Symbolical Algebra,’’ Edinburgh Philosophical Trans- 
actions, XIV, Part I (1838), 208. 

* A. De Morgan, ‘‘On the Foundations of Algebra,” 
Transactions of the Cambridge Philosophical Society, 
VII (1839), 173. 


algebra, on the other hand, is the science 
which investigates the method of giving 
meaning to the primary symbols and of 
interpreting symbolical results. Logical 
algebra then is similar to the problem of 
finding concrete examples or models for 
the system spelled out by the technical 
algebra. Thus, in a certain sense, we 
might say that De Morgan’s technical 
algebra is an example of the second type 
of abstractness discussed above, while 
logical algebra is an example of the first 
type. 

The important point to be noted here is 
that the validity of deduction in a techni- 
cal algebra cannot depend upon the ma- 
terial interpretation of the symbols of the 
calculus. Technical algebra was algebra in 
which symbols were used independently 
of the meaning which logical algebra 
might give to them later. To adopt this 
viewpoint of technical algebra means— 
at least to those concerned with the 
axiomatizing of branches of mathematics 
—that it must be possible to regard the 
symbols of a system completely divorced 
from any meaning subsequently or earlier 
put upon them. 

This point is a crucial one, for suppose 
that the meaning of the word “‘line’”’ or the 
meaning of the word “point” were really 
necessary to the axiomatization of Euclid- 
ean geometry. This would then mean that 
our axioms did not fully prescribe what is 
to be meant by line or by point. This would 
mean further that part of the meaning of 
point and line must lie outside of the 
axioms. 

Hilbert recognized this crucial point. 
His Foundations of Geometry was in large 
part an attempt to formalize Euclidean 
geometry by giving no meaning to the 
thought things ‘“‘point” and “line” which 
were not completely stipulated by the 
axioms. Hilbert, of course, did much more, 
but his axiomatizing of Euclidean geome- 
try is a landmark in the development of 
mathematics primarily because it develops 
a complete (and very rich) mathematical 
system without utilizing any meaning 
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apart from that given by the axioms. His 
work was undoubtedly motivated by his- 
torical precedent, he undoubtedly was 
thinking of a specific model; within the 
system, however, the “thought things” 
were given meaning only by the axioms. 


THE PRICE OF ABSTRACTNESS 


But if we are to look only to the axioms, 
only to the system, how is it possible to 
know that our system is not contradic- 
tory? That is, how do we know that our 
axioms and the logical rules we assume to 
deduce theorems from them are not such 
that at some time it will be possible to 
deduce a theorem and its contradictory? 
To deduce, say, both 1=1 and 11? 

Before considering the question of how 
we can know that our system is noncon- 
tradictory, let us pause to consider the 
consequences of being able to deduce both 
a theorem and its contradictory. Accord- 
ing to the rules of logic which we use in 
mathematics, it follows that a proposition 
and its negation imply any proposition. 
In symbols: (P and ~P)—@Q. Thus, if we 
could deduce P and also could deduce ~P 
from our axioms using the accepted logical 
canons, it would follow that any state- 
ment expressible in the symbolism would 
also be a true theorem. 

Now it might seem that the way out of 
this difficulty is trivial. All we need do is 
exhibit a statement which is expressible in 
the symbolism of the system. Show that 
this statement is false, that is, show that it 
is not a true statement and cannot be true 
and hence not a theorem, and we would 
be home free. For, clearly, if we could 
deduce a statement and its contradictory, 
every statement would be true. We have 
exhibited one which is not true. Hence, 
clearly it must be impossible to deduce a 
statement and its contradictory, i.e., our 
system is not contradictory. We shall see 
presently that this would indeed be a way 
out—but it is far from trivial. Let us 
return to the question raised above con- 
cerning our ability to know whether or not 
a system is contradictory. 


Before the nineteenth century, sense in- 
tuition had served as a guide in telling us 
that our axioms were not contradictory. 
Let us see precisely what this means. 
When, say, Euclid formulated certain 
axioms for plane geometry, he felt that 
these axioms were statements—true and 
eternal statements—about the geometry 
of the real world. Thus, the physical 
world was really a model for the axioms. 
Now, if our axioms were contradictory, 
that is, if they could give rise to a pair of 
contradictory propositions, then our model 
would have to give rise to a pair of contra- 
dictory intuitions. But since Euclid held— 
with obvious justification—that our sense 
experience of space was not contradictory, 
and further, since he held that this space 
was an exe~s model of the axioms, it fol- 
lowed that our axioms could not be con- 
tradictory. When, however, sense experi- 
ence was no longer considered to be a valid 
guide for our technical algebra or technical 
geometry—in De Morgan’s sense—we 
could not use sense experience as a model 
to test the validity of our axioms. New 
methods were necessary. If our system was 
to be entirely self-contained (independent 
of meanings attached to symbols), it was 
necessary to find a way to insure that no 
pair of contradictory propositions could 
arise—i.e., could be deduced. 

In his Foundations of Geometry, Hilbert 
to some extent bypassed this problem. 
In that work, he used the well-known 
techniques of interpreting geometric state- 
ments algebraically—that is, Hilbert used 
algebra as a model for the geometry and 
showed how all of the geometric state- 
ments could be consistently interpreted in 
terms of algebraic elements and relations.*® 
This, in a sense, is of course what we do in 
analytical geometry. But clearly, showing 
that all geometric statements are capable 
of algebraic interpretation does not estab- 
lish the fact that the geometric axioms are 


6See D. Hilbert, The Foundations of Geometry 
(trans. by E. J. Townsend) (La Salle, Illinois: Open 
Court Publishing Co., 1950, reprint of 1902 edition), 
pp. 25-36. 
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noncontradictory. All it can possibly do is 
demonstrate that if algebra is noncontra- 
dictory, then geometry is also noncontra- 
dictory. 

It is important to recognize that inter- 
preting the axioms by means of a model 
(however well known) does not necessarily 
strike at the heart of the deduction prob- 
lem. We referred earlier to the fact that 
(P and ~P)—Q. We said then that if it 
were possible to demonstrate the existence 
of a statement which could only be false, 
our axioms would be noncontradictorv. 
For otherwise, every statement would be 
true. But clearly such a task is far from 
trivial. It is not enough to show that a 
given statement is false, it must also be 
shown that its denial cannot be deduced 
from our axioms. It is thus necessary to 
analyze carefully the logical procedures by 
which theorems are arrived at. We must, 
in other words, analyze our methods of 
proof including both original axioms and 
our logic of deduction. Only in this way 
will it be possible to prove that from a set 
of axioms (shown perhaps to be noncon- 
tradictory through models) it is not possi- 
ble to deduce both a proposition and its 
negation as true theorems. 

Hilbert was forced to consider this ques- 
tion in his paper of 1905, ‘‘On the Founda- 
tions of Logic and Arithmetic.’’? As we 
remarked above, Hilbert had used algebra 
(and hence elementary arithmetic) in es- 
tablishing the consistency of geometry. 
That is, Euclidean geometry was non- 
contradictory if algebra was. But when he 
took up the question of arithmetic itself, 
there was no model to turn to. Hilbert 
stated this in the following way: 


Arithmetic is indeed designated as a part of 
logic and it is customary to pre-suppose in 
founding arithmetic the traditional principles of 
logic. But on the attentive consideration, we be- 
come aware that in the usual exposition of the 
laws of logic certain fundamental conceptions of 
arithmetic are already employed. For example, 
the concept of the aggregate, and in part also the 
concept of number. We fall thus into a vicious 
circle and therefore to avoid paradoxes a partly 

7D. Hilbert, “On the Foundations of Logic and 


Arithmetic” (trans. by G. B. Halstead), The Monist, 
XV (1905), 338-352. 


simultaneous development of the laws of logic 
and arithmetic is requisite.* 

Thus, since certain fundamental aspects of 
arithmetic are already employed in logic, 
the simultaneous development of both is 
necessary. 

It is clear from the above quotation that 
the paradoxes involving the theory of 
aggregates or set theory had just caused 
great concern in the mathematical world. 
It would take us far afield to analyze the 
various types of paradoxes resulting from 
an uncritical use of the concept of set—in 
particular, infinite sets.° Suffice it to re- 
mark that Hilbert felt that the set con- 
cept, so fundamental in logic and hence 
the foundations of arithmetic, must be 
subjected itself to a new type of critical 
analysis.'° 

Let us pause for a moment to sum up 
what we have already discussed. The de- 
velopment of abstraction in mathematics 
has led to the viewpoint that mathemati- 
cal assertions, or mathematical systems, as 
mathematics have nothing in common 
with sense experience. Technical alge- 
bra, from the point of view of De Morgan 
and subsequently, is algebra in which 
meanings to be imparted to symbols 
must be specified by the axiom system 
without any reference outside the system. 
Mathematical symbols must derive their 
entire meaning from the postulates of a sys- 
tem itself. If they do not, we have not 
completely axiomatized it. But having 
abandoned sense experience as a criterion 
in settling mathematical questions, it is no 
longer possible to establish the consistency 
—or noncontradictoriness—of our postu- 
late systems by asserting that sense models 
of them give rise to no contradicting sense 
intuitions." The sense models tell us 
nothing whatsoever about our formal 

* Ibid., 340. 

® See for example, A. Church, ‘“‘The Richard Para- 
dox,”’ American Mathematical Monthly, 41 (1934), 
356-361. 

10 Tt should be noted that Hilbert abandoned his 
early enthusiasm for the point of view of the Logistic 
School (Frege-Russell). 

u This argument is especially compelling when 


dealing with infinite systems when sense intuition 
often abandons us completely. 
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system. But mathematics, it if is to lay 
claim to perfect rigor, must not give rise 
to contradictions. When we ask our stu- 
dents to accept certain sets of postulates 
for geometry or for arithmetic, we do so 
with the faith that these postulates do not 
give rise to contradictions. It is important 
to show that this faith is well founded. 


META-MATHEMATICS 


To subject our axiom systems and our 
logic simultaneously to a critical analysis, 
Hilbert created a new discipline, the dis- 
cipline of meta-mathematics. In a moment 
we shall consider more carefully what this 
new discipline was. Let us now see what 
the program was which Hilbert delineated 
for it.” 


1. Meta-mathematics must enumerate all 
symbols used in mathematics and logic. 
These Hilbert called the fundamental 
symbols. 

2. Meta-mathematics must denote unique- 
ly all combinations of these symbols 
which occur as meaningful propositions 
in classical mathematics. These Hilbert 
called formulas. 

. Meta-mathematics must yield processes 
of construction which enable us to set 
up or to arrive at all formulas which 
correspond to the demonstrable asser- 
tions of classical mathematics. 

. Meta-mathematics must demonstrate 
in a finite combinatorial way that these 
formulas which correspond to calculable 
arithmetic can be demonstrated in ac- 
cordance with 3 (above) if and only if 
the actual calculation of the mathe- 
matical assertions corresponding to the 
formulas results-in the validity of the 
assertions. 

It should be noted that item 4 is in 
essence a demand for a finite proof of con- 
sistency—i.e., of noncontradictoriness— 
of classical mathematics. But what sort of 
discipline can meta-mathematics be? What 
sort of discipline will be capable of enumer- 

#2 The following discussion is taken from J. Von 


Neumann, ‘Die formalistische Grundlegung der Math- 
ematik,’’ Erkenntness, II (1931), 116 ff. 


ating all symbols, of enumerating all for- 
mulas of classical mathematics, of yielding 
a process of construction which will arrive 
at such formulas, and finally of giving an 
absolute proof of consistency? 

The first thing about such a discipline 
which I hope is becoming obvious is that 
the object which meta-mathematics stud- 
ies is mathematics itself. Let us see what 
this means by examining statements of 
mathematics and statements of meta- 
mathematics. A statement of mathematics 
is: 


For every x, if z is a prime and if x>2, 
then zx is odd. 
Statements in meta-mathematics would be: 
“x” is a numerical variable. 
“2” is a numerical constant. 
“Prime” is a predicate expression. 
“>” is a binary predicate. 


Note that when meta-mathematics says 
“« «? is a numerical variable,” it is refer- 
ring to the symbol—sign—“‘x”’ as it is used 
in the mathematical statement. When it 
says that “ ‘2’ is a numerical constant,” 
it is referring to the symbol—sign—‘“‘2” 
as it is used in the mathematical state- 
ment. 

Or as another example, consider the 
mathematical statement 


24+3=5. 


A statement in meta-mathematics would 
be: 


“943=5” is a formula. 


And when meta-mathematics says that 
“(243 =5’ is a formula,” it is referring to 
how the symbols or signs have been put 
together and are used in mathematics. 
Thus, meta-mathematics is a subject 
whose object of study is mathematics. 
The meta-mathematician operates with 
three separate and distinct subject mat- 
ters. First, there is the informal mathe- 
matical system such as the natural num- 
bers, or the points and lines and their 
relations in plane Euclidean geometry. 
This subject matter is informal and 
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intuitive. Second, there is the formal 
axiomatic treatment of the informal 
mathematical system. This, you will 
recall, is motivated by the informal mathe- 
matical systems but if the axiomatic 
treatment of this informal mathematical 
system is to be successful, the formal 
system must itself be completely inde- 
pendent of the informal system. This is, 
of course, an immediate consequence of 
saying that mathematics is abstract, or 
that mathematical truths are not de- 
pendent upon sense experience. And 
finally, there is the meta-mathematics. 
This is a discipline which itself must be 
carefully developed. It is to a certain ex- 
tent also informal, but the informalities 
present in meta-mathematics are of a 
different type. They are informalities in 
the sense of establishing criteria for permis- 
sible procedures. For example, no infinite 
operations are permissible. 

From the point of view of the meta- 
mathematics, the formal system is inde- 
pendent of any meaning which may be 
given to it by an informal mathematical 
system. Meta-mathematics sees only the 
symbols, how they are grouped together, 
what is the logical pattern of passing from 
one grouping of symbols to another group- 
ing of symbols. At the meta-mathematical 
level, we may speak of this as deduction, 
but in the formal system, we must regard 
it solely as a symbolic process. From the 
point of view of the informal mathematical 
system, we may regard this process as the 
means of arriving at truths about our 
interpreted objects; but from the meta- 
mathematics, it appears solely as a pro- 
cedure which either follows rules and 
hence can be called “deduction” or does 
not follow these rules and hence cannot 
be so called. 

It seems proper, at this point, to present 
a brief example of meta-mathematics 
which may give more meaning to the pre- 
ceding discussion.” Assuming that we had 
listed the symbols to be permitted and 


4 The following discussion is indebted to S. C. 
Kleene, Introduction to M eta-Mathematics (New York: 
D. Van Nostrand Co., Inc., 1952), pp. 72 ff. 


also the operation of putting them side by 
side, i.e., operation of juxtaposition, we 
might then proceed as follows to define 
“term,” 


1. 0 is a term. 

2. A variable is a term. 

3. If s and ¢ are terms, then (s)+(#) is a 
term. 

4. If s and ¢ are terms, then (s)-(¢) is a 
term, 

5. If s is a term, then (s)’ is a term. 

6. The only terms are those given by 1-5. 


Theorem: ((c)’)+(a) is a term. 


Proof: By 2 
By 5 
By 3 


a and ¢ are terms. 
(c)’ is a term. 
((e)’)+(a) is a term. 


We could now define ‘‘formula.” 


1. If s and ¢ are terms, then (s)=(t) is a 
formula. 
2. If A and B are formulas, then (A)D(B) 
is a formula. 
. If A and B are formulas, then (A) & (B) 
is a formula. 
. If A and B are formulas, then (A)\/(B) 
is a formula. 
. If A is a formula, then ~(A) is a for- 
mula. 
. If x is a variable and A is a formula, 
then V, (A) and 3, (A) are formulas. 
. The only formulas are those given by 
1-6. 


Theorem: 
( Be((((e)’) +(a)) = (b))) D(~((a@) = (6))) 


is a formula. 


Proof: By the terms obtained and by 1, 
(a) = (b) and (((c)’)+(a)) = (8) are 
formulas. 

By5 ~((a)=(b)) is a formula. 

By 7 is a 
formula. 

By 2 (3-((((c)’)+(a)) =(b))) 
>(~((a) = (b))) is a formula. 


These two simple examples should indi- 
cate the procedure by which meta-mathe- 
matics proceeds to “construct” the formu- 
las of classical mathematics. 
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I should like to conclude by calling your 
attention to what Hilbert hoped to do and 
how. We have already seen how the funda- 
mental problem is one of knowing that we 
cannot ever reach a contradiction in the 
processes utilized in arithmetic. (This, I 
emphasize again, is a consequence of our 
accepting the view that mathematics may 
be of reality but is not about reality.) 
Hilbert hoped to do this by showing that 
in formal mathematics we utilize certain 
symbols. Let us list all of them. In formal 
mathematics, we group them together. 
Let us explicitly—in our meta-mathe- 
matics—state how symbols can be grouped 
together. In formal mathematics, we use 
such concepts as substitution and deduc- 
tion. Let us explicitly—in our meta- 
mathematics—indicate what is a permis- 
sible substitution and deduction. In for- 
mal mathematics we state what a contra- 
diction is. Let us explicitly— in our meta- 
mathematics—state what combinations of 
symbols are contradictions. In our formal 
mathematical system we would like to 
believe that no contradictions can arise. 
Let us explicitly—-in our meta-mathemat- 
ics—prove, with finite means, that with 
the explicitly given symbols, and the ex- 
plicitly stated formulas, and the explicitly 
formalized logic, it is not possible to ob- 
tain a formula which is a combination of 
symbols that we have called a contradic- 
tion in our meta-mathematics. 

The real problem then is to: be able to 
prove that we cannot arrive at a combina- 
tion of symbols called a contradiction. The 
machinery to do this is meta-mathematics. 
It is the machinery by means of which we 


analyze the possible consequences of our 
moves with symbols. Hilbert did not 
succeed; that is, he was unable to prove 
that contradictions—certain combinations 
of symbols—cannot occur. At least he was 
unable to do this for arithmetic, i.e., the 
natural numbers. Such a proof of freedom 
from contradiction of number theory has 
still not been given. There is some evi- 
dence—the theorems of Kurt Gédel, for 
example—that it may be impossible. This 
may not be necessarily so. As Professor 
Kleene has remarked, all this may do is 
“pose a challenge to the meta-mathema- 
tician to bring to bear methods of finitary 
proof more powerful than those commonly 
used in elementary number theory.’ 

Meta-mathematics, then—the science 
created to subject classical mathematics 
to formal criticism—has not succeeded in 
giving us an absolute proof of noncontra- 
diction. But it has, nevertheless, put in 
our hands powerful tools for analyzing the 
formal structures which we call mathe- 
matics. It has enabled us at the very least 
to look hard at our symbols and the opera- 
tions on them with no regard to the mean- 
ings which informal mathematics puts 
upon them. If we really believe that 
modern mathematics is an abstract sci- 
ence, then we cannot avoid the conse- 
quences. And these consequences are 
precisely that we must then subject to 
critical analysis what we are, in fact, doing 
when we say we are engaged in mathe- 
matics—and this is what meta-mathemat- 
ics aims to do. 


4 [bid., 211-212. 


An issue in 1911—as it is today 


There has been much discussion of late years 
over the place which logical rigor should occupy 
in the teaching of elementary mathematics. 
Some have contended that the power to under- 
stand a logically rigorous demonstration is itself 
the most important result to be aimed at in 
mathematical study. Others have attached 
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greater importance to the use of mathematics as 
a practical art, and have felt that too much in- 
sistence on logical rigor serves only to deaden 
the pupil’s interest, and thus to destroy all the 
value the study might have, either as a practical 
art or as a training in logic.—H. V. Huntington, 
“The Fundamental Propositions of Algebra.” 
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On teaching trihedral angle 


and solid angle 


HOWARD FEHR, Teachers College, 


Columbia University, New York, New York. 


This is the third in a series of articles 


dealing with angle measures and definitions of angles. 


Ir TWO PLANES intersect, they divide 
space into four convex regions. Each of 
these regions is the interior of a convex 
dihedral angle. The vertical dihedral 
angles thus formed are equal (have the 
same measure), and the adjacent dihedral 
angles are supplementary. (See Fig. 1.) 

If each of two intersecting planes is in- 
tersected by a third plane which does not 
contain the common intersection of the 
first two planes, space is thus divided into 
eight convex regions (Fig. 2). The bound- 
aries of any one of these regions consist 
of three half-lines and the three faces' de- 
termined by these half-lines. The half- 
lines are called edges, their common origin 
the vertex, and the entire boundary a tri- 
hedral angle. The convex region is called 
the interior of the angle. 

However, the three faces also bound the 
reflex region which is the complementary 
set of points to the convex region (Fig. 3). 
If we consider this region as the interior 
of the bounding faces, we then call the 
angle a reflex trihedral angle. 


Figure 1 


1 A face is the part of a plane which is the union of 
a convex angle and its interior. 


If the edges of a trihedral angle are ex- 
tended through the vertex, the faces of 
these extended edges form a_trihedral 
angle symmetric to the original angle. This 
is illustrated in Figure 4. 


INTERSECTION OF HALF-SPACES 

In Figure 2, each plane divides space 
into two half-spaces. The intersection of 
two half-spaces defines the interior of a 
dihedral angle. We can now define the 
interior of a convex trihedral angle as the 
intersection of three properly selected 
half-planes. In Figure 2, consider the 
points V, D, E, and F. The planes DVE, 
DVF, and EVF each determine two half- 
spaces. Select that half-space for each of 
these planes that contains the remaining 
letter (respectively F, E, D). The inter- 
section of these three half-spaces is the 
convex region that is the interior of tri- 


hedral angle V-EFD. 


Figure 2 
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Figure 3 


The intersection of three half-spaces 
selected from the six possible half-spaces, 
using only one half-space from each plane, 
determines eight convex regions. The 
boundaries of these eight regions form four 
pairs of symmetric trihedral angles. 


MEASUREMENT OF THE TRIHEDRAL ANGLE 


We shall relate the measure of the tri- 
hedral angle to the measure of its three 
associated dihedral angles. In Figure 2, the 
measures of these dihedral angles are a, b, 
and ¢c. We shall further assume that a 
trihedral angle and its symmetrical angle 
will have the same measure, i.e., the 
interior of a trihedral angle comprises the 
same amount of space as its symmetric 
angle. 

In Figure 2, we shall find the measure of 
trihedral angle V-DEF. Designating the 
measure of this angle by ¢, going clock- 
wise around the edge DV and above plane 
y, we designate the measures of the other 
three trihedral angles by qu, ¢2, and ¢3. The 
symmetrical trihedral angles will have the 
same measure as indicated in Figure 2. 
(The symmetrical angle to V-DEF is hid- 
den in the figure.) From the figure, it is 
evident that two adjacent trihedral angles 
form a dihedral angle, and hence the sum 
of the measures of two adjacent trihedral 
angles is the measure of the dihedral angle 
which they form. 

With this information, it is clear that 
the following relations hold: 


o+¢:=6 (dihedral degrees) 
(use the symmetrical triangle) 
o+¢3=a. 


On teaching trihedral angle and solid angle 


Figure 4 


Notice that the trihedral angles with 
measures ¢$, ¢1, and @; form a half- 
space, since these angles cover all space 
above plane y. Adding the above relations 
we obtain 


26+ (¢+¢1+¢2+¢3) =at+bte. 


Substituting 180 dihedral degrees for the 
expression in parentheses, we obtain 


2¢+180=a+b+e or 
¢=4(a+b+c— 180°) (dihedral degrees). 


The measure of a trihedral angle in di- 
hedral degrees is one-half the excess of the 
sum of its dihedral angles over a straight 
dihedral angle. 

The measure of the trihedral angle can 
be visualized as follows. Construct three 
adjacent dihedral angles with the meas- 
ures a, b, and ¢, (a, 8) +(8, v)+(v7, 4), as 
in Figure 5. Subtract a straight angle 
(6, 6‘) from this sum. Bisect the difference 
(a, 6') with the plane e. Then the dihedral 
angle (e, 6!) or (a, €) is equivalent to the 
trihedral angle ¢. 

Now it is easy to measure any convex 
polyhedral angle. The angle may be di- 
vided into trihedral angles as shown in 


Figure 5 
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Figure 6 


Figure 6. The sum of the dihedral angles 
of the polyhedral angle is the same as the 
sum of all the dihedral angles of all the 
associated trihedral angles. There are 
always two fewer trihedral angles than 
there are faces to the polyhedral angle. 
Hence, for n faces we have 


dihedral angles 
—(n—2)180], dihedral degrees. 


RELATING THE MEASURE TO A UNIT SPHERE 


If a unit sphere is constructed with its 
center at the vertex of the trihedral angle, 
the trihedral angle will intercept on the 
sphere a spherical triangle. (See Fig. 7.) 
We relate the area of this intercepted 
triangle to the measure of the trihedral 
angle. 

The angles of the spherical triangle have 
the same measure as the corresponding 
dihedral angles of the trihedral angle. If 
we call the area of a lune with an angle of 
1 degree, a lunar degree, then the area of 
the spherical triangle is 


4(a+b+c—180) lunar degrees. 
But a lunar degree of area is equivalent to 


one dihedral angle degree of space. Hence, 
the measure of the trihedral angle in 


Figure 7 


degrees is the same as the measure of the 
area of its intercepted spherical triangle in 
lunar degrees.? 


THE MEASURE IN STERADIANS 


It is usually more convenient to use the 
area of the sphere and of the spherical 
triangle in square units of measure, and 
to measure the dihedral angle in radians. 
Then one square unit of area is equivalent 
to one steradian, where the steradian is the 
amount of space included in a dihedral 
angle that intercepts one square unit of 
area on its associated unit sphere. We can 
now broaden our concept of steradian to 
be associated with any angle interception 
of space equivalent to the space intercep- 
tion of the dihedral angle of one steradian. 

The measure of a dihedral angle, in 
steradians, is 20. Then the trihedral angle 
has the measure 


= or 
steradians; 
6;, 4, 8; measured in radians. 
Another way to obtain the formula is to 


transform a, b, and ¢ from angle to radian 
measure. 
ra ab 


=——, 6;=—— and 


180 
a= ete. 


T 
171806, 1804 18080 


90 
=— degrees. 


Since one lunar degree is equivalent to 
2/90 steradians, we have 


steradians. 


2 In the traditional development of solid geometry, 
a spherical degree, described as 1/720 of the area of the 
sphere, is commonly used as unit of area of the spher- 
ical triangle. Since a spherical degree is one-half of a 
lunar degree, the triangle has twice as many spherical 
degrees as it has lunar degrees. In this case, the meas- 
ure of the trihedral angle is ¢= (a+b+c— 180) meas- 
ured in spherical degrees. 
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Figure 8 


THE SOLID ANGLE 


Consider a closed surface dividing space 
into two regions and having the following 
properties, as in Figure 8. 


(a) There is a point O called the vertex of 
the surface. 

(b) For every point P on the surface, the 
half-line OP has all of its points on the 
surface. 

(c) If any two points in the interior of one 
region are joined by a line segment, 
every point of the segment is in the 
interior of this region. 


We call this surface a convex solid angle 
or polyhedral convex cone. 

To measure this solid angle (or more 
precisely its interior), we place a unit 
sphere with center at the vertex of the 
angle. The angle intersects a curve on the 
sphere. This curve bounds a portion of the 


sphere which is in the interior of the 
angle. This surface area is less than half 
the area of the sphere, since the solid 
angle is convex. The area of this surface in 
square units is the measure of the solid 
angle in steradians. 

A solid angle need not be convex, as 
shown in Figure 9. However, this angle is 
measured’ in the same manner, since a 
nonconvex solid angle can be subdivided 
into a set of convex solid angles, the sum 
of whose measures is the measure of the 
nonconvex angle. 

The above definition of convex solid 
angle includes trihedral, polyhedral, and 
the dihedral angle as special cases. For the 
dihedral angle, any point on the edge can 
be taken as the vertex. Having selected 
this point as a vertex, the half-line con- 
necting it to any point on either face lies 
entirely in the dihedral angle. The di- 
hedral angle always has a convex region. 


Letter to the editor 


Dear Editor: 

In the December 1957 issue of Tue Matue- 
MATICS TEACHER appeared an article with the 
interesting title, ‘‘Trigonometric Values That 
Are Algebraic Numbers.” The gist of this article 
can be stated more concisely: Since cos nz is a 
polynomial (Chebyshev) of degree n in cos z 
when cos nz is given one of the rational values 
(0, 1, —1, 4, —4) that cos nz can have, and its 
equivalent polynomial is equated to this value, 
there results an algebraic equation (with cos 
az=y the variable) with rational coefficients 
whose roots are cosines of angles which are one- 


nth the angles used for nz. The recursive nature 
of these polynomials makes it very easy to ob- 
tain them. I do not think the gifted student 
appreciates verifying something the hard way 
when he can understand a mathematical proof. 
The reducibility of some of the resulting equa- 
tions is a very interesting and challenging prob- 
lem for the very good student. The tie-up with 
the roots of plus and minus 1 is also interesting. 
Very truly yours, 

Joun P. Hoyt 

U. 8. Naval Academy, 

Annapolis, Maryland 
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Remedial teaching 
that builds understanding 


MARY A. POTTER, formerly Supervisor of Mathematics, Racine, Wisconsin. 
An experienced teacher gives some helpful hints 
on how to teach so that reteaching will be minimized. 


THERE ARE MANY QUESTIONS that we as 
educators are required to answer. One of 
the most unusual of these I heard the 
other day. A teacher received a telephone 
call asking how to convert Fahrenheit to 
centipede. After some research she found 
the answer: Subtract 32 from the Fahren- 
heit, and add 100 feet! 

But the question of remedial teaching is 
that which interests us. May I introduce it 
by quoting from the late Dr. Worth Os- 
born, who spent much of his life studying 
the facets of that question? He said: 

The task of educating all the children of 
America is not easy. There are difficulties to be 
encountered and overcome in every sort of edu- 
cational effort. Remedial education must expect 
to encounter its proper share of trouble, but 
there is no cause for despair in the long run. 
When and if we are ever able to see to it that all 
children mature at the same rate, when parents 
quit moving about so frequently, when no child 
is ever out of school because of illness, when 
there are no handicapped children, then we shall 
have no need for further remedial education. 

Having trouble that needs to be 
remedied is nothing new and is not con- 
fined alone to teaching and learning. In 
fact, it is so old and so general that 
several proverbs voicing the wisdom of 
our forefathers give sage advice about this 
problem. The most important of these 
may be, ‘‘An ounce of prevention is worth 
a pound of cure.” This, perhaps, is putting 
very simply the law of primacy of impres- 
sion which our friends the psychologists 
present. 

1A paper presented at Summer Meeting of the 
National Council at Northfield, Minnesota, August 
20, 1957. 


We are all familiar with the work of the 
National Safety Council in fire prevention 
and heed the advice of Smokie, the bear. 
We all participate in preventive medicine 
programs with vaccinations and inocula- 
tions against dreaded diseases. But the 
educational world has not stressed with 
great emphasis the good that can come 
from preventive teaching, which may be 
defined as teaching to prevent errors. 
Perhaps we may become as efficient in 
preventive teaching as the National 
Safety Council and the American Medical 
Association have been in their preventive 
campaigns. 

A little preventive teaching would have 
kept these boys from making such a mis- 
take when they visited a museum and ran 
across a mummy. On it was a card with 
the inscription: “2453 B.c.” Jim said, 
“What does that ‘2453 B.c.’ mean?” Bill 
replied, “I dunno. Maybe it was the 
license number of the car that hit him.” 

Of course one of the best ways to pre- 
vent children from making mistakes is to 
see that every child is in school every day 
so that there is no break in his learning 
sequence. When you are so very busy with 
committee work, meetings, and extra- 
curricular activities, it is difficult to find 
time to help children with make-up work. 
And who are they to remind you that they 
have missed some days and need to have 
help (probably after school) on the work 
they have missed? 

Another efficient method of preventing 
errors is to teach in the light of recurring 
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errors. When I was a beginning teacher, I 
attended a convention where I heard a 
most illuminating talk upon this topic. In 
its aid to my teaching, this was the most 
helpful address on methods I have heard, 
and I would like very much to thank 
whoever it was who gave me such practi- 
cal assistance. 


Shall we examine carefully a simple . 


topic to be taught, remembering to pre- 
dict the errors that the pupils might make? 
Our first step is to list the possible errors, 
drawing upon our experience and imagi- 
nation for the specific instances of wrong 
answers and methods of work. (Of course 
the children are not informed of this list; 
it is part of our guide for the teaching to 
follow.) Our next step is to present the ma- 
terial as carefully as possible to forestall 
the making of these mistakes, chiefly by 
giving clear explanations so the foreseen 
possible errors are not likely to occur. Of 
course the best way to do this is to have 
the pupils discover, or help discover, the 
fact being taught. When we are convinced 
that the pupils have mastered the skill or 
concept, they are then ready for the drill 
to fix the correct response. Shall we give 
a complete cycle, explaining how this 
works? 
Suppose we are to begin subtraction 
with borrowing, a troublesome topic to 
many children, chiefly because they do 
not understand it, or because they have 
been taught two methods of doing it. 
Specifically, we shall begin with the 
exercise 25—17. The following are the 
errors that pupils are likely to make: 


25 2 25 


42 10 

The first error, where children add in- 
stead of subtract, is probably made be- 
cause children do not understand what 
subtraction is. That error tells us that we 
need to explain what the process of sub- 
traction is and how it applies here. The 
second mistake we can isolate if we listen 


to the way a child explains it, “You cannot 
take 7 from 5, so 5 from 7 is 2; and 2—1 is 
1, so the answer is 12.” In the third mis- 
take, the youngster also knows that you 
cannot take 7 from 5, so he thinks with 
that subtraction there is nothing left, and 
writes 0, just as subtraction is sometimes 
done in the TV program “21”. Then he 
finishes by subtracting in the tens’ place, 
2—1 is 1. The last two errors, of course, 
come from a failure to understand borrow- 
ing, which we must explain carefully, tell- 
ing the why as well as the how. 

It is axiomatic to say that children 
enjoy concrete things and that abstrac- 
tions are a difficult and perhaps unnatural 


_ form of thinking for many of them. Hence 


whenever it is possible to do so, it is wise 
to make use of concrete objects. In pre- 
senting the meaning of the subtraction of 
25—17, we make use of bundles of ten 
beef skewers to review the meaning of 
subtraction as well as to explain borrow- 
ing. The process of taking off the rubber 
band from a bundle of ten of the skewers 
to show the borrowing of ten ones is con- 
tinued until the pupil tires of the aid, dis- 
cards the skewers, changes to abstract 
subtraction, and the work becomes more or 
less automatic. In case an error arises in 
later work, the pupil is given the skewers 
again to work out his subtraction. Old 
stuff, you say? Certainly, but it works. 
Similar presentations may be made on 
higher levels of mathematical learning. 
For instance, do your pupils ever forget 
the value of pi? A pi-board will help them. 
It is a wooden circle with a 7-inch diameter 
which is graduated in inches. At one end 
of the diameter is fastened part of a shoe- 
string a little longer than the circumfer- 
ence, with the length of the circumference 
marked with white thread. At both ends 
of the diameter, screw eyes are fastened. 
The pupil measures the circumference 
with the shoestring and finds its length to 
the white thread. He is told that the cir- 
cumference is a certain number of times 
the diameter, and is directed to find that 
number by measuring the circumference 
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along the diameter. Of course he finds that 
the circumference is 3 times the diameter 
plus 1 inch, which is 1/7 of a diameter, 
so he knows that pi is 3 1/7. 

Are your pupils convinced that the sum 
of two sides of a triangle must be greater 
than the third side? We are indebted to 
Agnes Herbert of the Baltimore, Mary- 
land, schools for this gadget which is most 
convincing. It consists of three pieces of 
wood, the longest strip equal in length to 
the other two strips. They are joined 
together end to end with two hinges so 
that the two shorter pieces lie exactly on 
top of the longest piece. When a triangle 
is formed by lifting the shorter pieces, it 
is obvious that not all of the longest piece 
can form the third side. 

The use of visual aids is not new. May 
we quote from a letter written nearly two 
centuries ago by Thomas Jefferson and 
recorded in David Eugene Smith’s Thomas 
Jefferson and Mathematics? 

While in Paris Thomas Jefferson wrote to his 
friend and former teacher, George Wythe, a 
letter in which he says: ‘‘I have reflected on your 
idea of wooden or ivory diagrams for the geo- 
metrical demonstrations. I should think wood 
as good as ivory; and that in this case it might 
add to the improvement of the young gentle- 
men, that they should make the figures them- 
selves. Being furnished by a workman with a 
piece of veneer, no tool other than a penknife 
and a wooden rule would be necessary. The dif- 
ficulty is hew to reconcile figures that must have 
a very sensible breadth to our own ideas of a 
mathematical line, which, as it has neither 
breadth nor thickness will revolt more at these 
than at simple lines drawn on paper or slate.” 
Such a letter, showing the interest in geometric 
models, in response to a suggestion from one of 
the greatest jurists of the Colonies and early 
states—at that time professor of law at William 
and Mary—a man who counted among his 
former pupils Chief Justice Marshall, Thomas 
Jefferson, and James Monroe, show the interest 
which the leaders had in this abstract science 
and the way it should be taught. 


Having used visual aids, perhaps a few 
comments on them as they are viewed by 
the psychologists may not come amiss. 
Dr. Ben Sueltz is responsible for a graph 
of the law of forgetting which explains one 
reason why visual aids are of great impor- 
tance in the teaching process. The hori- 


zontal line represents the time elapsed, the 
vertical line the amount of material re- 
tained. The first curved line shows the 
amount of retention of nonsense syllables, 
which are easily and soon forgotten. The 
second curved line is learning rote sense, a 
method widely used in teaching, which 
shows fortunately some improvement 
over nonsense syllables, but not too much, 
in amount of time and material retained. 
The third curved line represents talking- 
reading sense, which is still better. But the 
last and most efficient method of learning 
from the standpoint of retention is the 
manual-visual experience, which probably 
involves some kind of visual aids. 

Visual aids may be aids, but they 
should be used with discretion. Unless 
work with them is carefully planned, they 
may be time consuming. Some of them are 
busy-work and are not aids to learning. 
Nowadays children are shown so many 
motion pictures and other projected ma- 
terials that these are no novelty and may 
be a bore to the young audience. Some 
projected material is not accurate; some is 
wonderful; some entertains while it does 
not teach. In general, a contrivance that 
can be moved, that children can touch as 
well as look at, like the devices that I have 
described, are more attractive to the chil- 
dren and serve their purposes etter. 
What are their purposes? Some gadgets 
are helpful as aids in understanding, as we 
have shown you, while others are magical 
in the results they give in drill. 

But, you say, preventive measures had © 
not been used with the pupils I have, and 
I need remedies. Again, this is an age-old 
problem, as we realize in hearing again 
this proverb: 

For every evil under the sun 
There is a remedy or there is none. 
If there be one, 
Try to find it. 
If there be none, 
Never mind it. 

Our job is to find the remedy. But before 
we can do that expertly, it is wise to make 
a diagnosis to find the cause of the trouble, 


as nearly as possible. 
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It is natural for children to want to 
learn. If you doubt this, try to answer the 
questions of a five-year old. Practically 
always, especially with children of average 
or above-average ability, failure to learn 
comes because there has been some block 
to learning. This block may come from 
one of many causes and we must recognize 
some of these causes before we can remedy 
them. Perhaps the most important block 
to learning mathematics is its bad reputa- 
tion—by many it is considered too hard, 
useless, and a beastly bore. 

Another block is that the subject, or 
parts of it, may not have been understood 
by the pupil. Perhaps he was absent, per- 
haps the teaching was poor, perhaps the 
pupil was inattentive. It may be that the 
block was caused by undue pressure at 
school. More often it came about because 
of undue pressure at home. Sometimes it 
is the result of the dislike of the teacher 
by the pupil. (Can the reverse ever be 
true?) I had a pupil in the seventh grade 
who had average intelligence but could not 
read. I did a little private sleuthing and 
found that four years before he had very 
keenly disliked his third-grade teacher, 
who in consequence could not teach him 
to read, and he had never been able to 
remove that handicap. 

Another block to learning is the unfor- 
tunate student approval of low grades as 
being gentleman’s grades, with the added 
opinion that high grades are undesirable 
and won only by “eggheads.” In some 
schools boys and girls have been charac- 
terized as ‘“‘scabs” if they took work home. 

The number of possible blocks is much 
longer than the few I have given, but I 
will mention one rather peculiar one that 
might easily have remained undiscovered 
—a dislike or jealousy of a successful class- 
mate. One of my friends explained to me 
the other day why she had done so poorly 
in advanced mathematics and hated it 
heartily. She said that in elementary 
school things were all right. But when she 
got to high school, every day a beautiful 
but dumb girl copied the algebra problems 


which my friend had labored hard to solve. 
The beautiful but dumb cheater was 
lavishly praised by the teacher for her 
excellent work and was held up as a model 
for the rest of the class. A semester of that 
treatment permanently sickened my friend 
of mathematics. 

You observe, “All blocks are the result 
of some emotional disturbance.” Yes, they 
are, and the problem is to find a method of 
making the emotions work in favor of 
learning instead of against it. 

How shall we remove the block that 
mathematics is too hard, useless, and a 
beastly bore? Many teachers have exor- 
cised that demon by arousing interest in 
the subject. They have made the class- 
room an attractive, colorful place through 
the expenditure of a few brains, a little 
money, and some time. They have made 
maximum use of the bulletin board, en- 
couraging the youngsters to help by 
bringing pictures, cartoons, clippings, and 
even objects illustrating the topic being 
studied. Many teachers have instituted 
an arithmetic table in the corner of the 
room where their pupils can go when they 
have free time and can read interesting 
articles or books, look at pictures, solve 
puzzles, play games, work with gadgets— 
all of which are basically mathematical 
and preferably linked with the subject 
matter with which they are struggling at 
the time. 

These resourceful teachers have suc- 
ceeded also in making the class period 
interesting. They have used a variety of 
procedures, being especially careful to 
alternate physical and mental activities. 
Games and contests bring favorable emo- 
tional reaction. It is true that some edu- 
cators decry the spirit of competition that 
games and contests arouse, but we must be 
realistic. Life outside school is teeming 
with competition—I almost said thriving 
because of competition. If we are pre- 
paring our pupils for life outside school, 
shall we play ostrich to existing conditions 
and refuse to use methods common in the 
world and efficient as devices for teaching? 
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Games are used usually for drill or prae- 
tice. Some useful games may be purchased, 
some are teacher-made, some may be 
pupil-made; but whatever their source, 
they should be chosen and used with dis- 
cretion. To be helpful, all the pupils play- 
ing the game should be active participants 
all of the time. Games should be planned 
to drill on the hard spots instead of to 
practice work the pupils already know, 
unless the purpose of the drill is to retain 
skill already acquired. They should be 
fun—or at least interesting—and should 
not be overdone. 

Older pupils are inspired to greater 
efforts if they listen to talks on the value 
of mathematics by specialists whom the 
teacher has commandeered for that pur- 
pose. The brighter members of the class 
may enjoy making special reports on 
articles they have read in such periodicals 
as The Scientific American or Popular Me- 
chanics, describing some application of 
mathematics they have found interesting. 

To summarize, the methods of arousing 
interest that a resourceful teacher may use 
are as varied as an alert teacher can pro- 
duce and the age and intelligence of the 
children may demand. 

A member of the State Department of 
Public Instruction in Wisconsin once said 
that in this generation algebra could never 
become a popular subject. From the 
parents of children now in school it had 
been given a bad name; they slandered it, 
they hated it when they studied it, they 
considered it too hard. He thought it 
would have to pose under a different alias 
if it were to be acceptable to them. Per- 
haps, like the rose, algebra under any 
other name would smell as hard. However, 
the wise teacher can come to the rescue. 
He may remove the block that mathe- 
matics is too hard by beginning a topic 
with easy work well within the ability of 
all members of the class, and gradually 
increasing its difficulty. Later he may pre- 
sent tough work as a challenge to the able 
student instead of a dreaded hardship for 
all the class. 
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Explaining work until it is understood 
is as important in removing as in prevent- 
ing a block. Little real learning takes place 
unless the child understands the meaning 
of what you are trying to teach him. Too 
often the situation is that described in 
S. Omar Barker’s ditty: 


I'm glad I’m educated 
I think it’s simply grand 

To know so many facts and stuff 
That I don’t understand. 


At times blocks due to pressures or con- 
ditions at home can be removed; some- 
times it seems hopeless because of the 
situation and the attitudes of the parents. 
May I cite an example of a case we were 
unable to handle? A boy, who was bright 
enough, was quite listless in class and 
learned very little. Investigation disclosed 
that his father worked well at his job but 
spent all of his earnings at the tavern. To 
get food for her children, the greatly loved 
mother also worked, and this son saw her 
only about once a week, at which times 
the father usually gave her a severe beat- 


. ing. The situation was complicated by the 


return from the army of an older brother 
who was a sergeant and who hated the 
beatings as much as his younger brother 
did, and decided to do something about it. 
That something was to drag his thor- 
oughly intoxicated father to the nearest 
railroad track and then let nature take its 
course. Fortunately the neighbors found 
out about the affair and dragged the 
father off the track before the train came 
by. And the teachers had wondered why 
the boy in school could not concentrate 
and showed little interest in learning. 
Fortunately, this is a very exceptional 
case. 

Some school systems require that teach- 
ers in the elementary grades visit the home 
at stated intervals. This gives the teacher 
an opportunity to discuss problems with 
the parents and observe possible handicaps 
under which the children live. In the upper 
grades, home visits are often resented by 
the pupils, and telephone calls are a more 
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efficient method of enlisting the aid and 
gaining the confidence and understanding 
of the parents. However, if matters can be 
arranged so that the school and the parents 
can thoroughly co-operate, the pupil has 
little chance to do anything but join in 
with their plans. 

Pressure at school can be removed by 
fitting the work to the capacities of the 
students. A usable, definite, and elaborate 
course of study, carefully devised and 
faithfully adhered to, relieves the teacher 
as well as the pupil from undue pressure 
in any one grade. The present-day and 
widely used two-track system has sal- 
vaged thousands of less able students from 
discouragement bordering on despair, and 
has afforded to their brighter classmates, 
often bored with the old system, an oppor- 
tunity to attack and solve much harder 
problems and topics. 

Advertising men are paid handsomely 
for shaping public opinion in favor of their 
product, and advertising the importance 
of mathematics so that the pupils will wish 
to master it and to make good grades 
popular is only one of the many responsi- 
bilities of the tea’her. The methods of pro- 
cedure vary with the age of the pupils. 
Little children can be rewarded by the 
privilege of acting as monitors to clean the 
erasers, water the plants, distribute sup- 
plies; they may be given the privilege of 
sitting in the most desirable seats or acting 
as student teachers. Older boys and girls 
rise to more sophisticated lures. A travel- 
ing cup on display in the case devoted to 
athletic trophies and engraved with the 
name of the graduate of each year who 
had attained the best record in mathe- 
matics helps to make high grades re- 
spectable. A live mathematics club open 
only to top-ranking students spurs many 
youngsters to increased labor so that they 
may be eligible for the honor. Occasional 
advertising of well-paying jobs open to 
good students with mathematical training 
is another incentive. Frequent mention of 
scholarships—and there are plenty of 
them these days—and an explanation of 


what standards a student must attain to 
be awarded one, incite many ambitious 
youngsters to work to capacity. 

If you are young enough in your tastes 
to enjoy Walt Disney’s TV program ‘“The 
Mouseketeers,”” you may remember that 
when the group is inviting the TV audi- 
ence to tune in tomorrow, their adult 
leader, Jimmie, with great emphasis gives 
this bid for audience attention: “Because 
we like you.”” The mathematics class as 
well as the TV program can be more 
effective because the audience likes the 
adult leader, a situation usually created 
because the leader likes the audience. You 
may have inherited from your predeces- 
sors children afflicted with a block against 
teacher with a capital 7. But you know 
the tricks of making children like you, and 
it may be necessary for you consciously 
and thoughtfully to perform these tricks 
to remove the block of teacher-dislike. 
Praise given honestly and with discretion 
is one of your most helpful tools. 

Persistence may be a tremendous bore, 
but it is a necessity in removing blocks, 
and your purpose may be disguised by 
using various approaches. Again we cite 
an age-old proverb, “If at first you don’t 
succeed, try, try again.”’ Then let me touch 
lightly on this true quotation, “There are 
still times when a shingle is the best board 
of education.”’ 

Physical handicaps may be as severe to 
learning as emotional disturbances. A 
wise teacher does quite complete observa- 
tion of the physical well-being of the chil- 
dren under his care to supplement the 
findings of the school nurse. He spots the 
child who comes to school hungry, the one 
who has an undiscovered hearing diffi- 
culty, the one whose vision is faulty, the 
one who needs better clothes to look like 
the other children. Many agencies are 
ready to help children underprivileged in 
various ways, and the teacher can often 
initiate and aid in channeling help to the 
youngsters who really need it. Amazing 
progress in learning is often made when 
physical handicaps are removed. 
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Having got rid of troublesome emo- 
tional and physical blocks with the subse- 
quent development of a happy, healthful 
atmosphere in the classroom, shall we dis- 
cuss the mental treatment of its inhab- 
itants? 

It is assumed that the teacher is 
equipped with a set of reliable intelligence 
scores for his pupils so that he can estimate 
the probable amount of learning possible 
for each to acquire. The teacher then gives 
detailed diagnostic tests in mathematics, 
which he may have to devise, to find out 
exactly what facts or skills need remedial 
treatment. This may be a long process; it 
requires considerable bookkeeping, but for 
efficient work it is necessary. When he has 
gathered his data, the teacher may use an 
old and well-tried rule, “Find out where 
the child is and proceed from that spot.” 

In remedial teaching, an additional step 
seems necessary besides the usual cycle of 
motivation, presentation, drill, and appli- 
cation. This additional step is teaching the 
pupil how to read material dealing with 
mathematics. That many children are 
unable to read well is no pedagogical 
secret. In fact, as one man said, “Too 
many children are attending little-read 
schoolhouses.’’ Moreover, when reading 
as such is taught, the emphasis is gener- 
ally placed upon speed rather than upon 
comprehension. Sometimes the children 
have word trouble like the young man in 
the story. He was at a dinner party, he 
was very shy, but he had been trying to 
think of something nice to say to his 
hostess. At last he saw his chance when 
she turned to him and remarked, ‘‘What 
a small appetite you have, Mr. Jones.” 
To which he replied gallantly, ‘To sit 
next to you would cause any man to lose 
his appetite.” 

A mathematics textbook is more diffi- 
cult to read than most of the printed ma- 
terial the youngsters will encounter, but 
the ability to read is a necessary goal 
because the textbook is the substitute 
teacher that is always available. There is 
no gay plot to help reveal the harder 


words; there is a mildly technical vocabu- 
lary that must be mastered before the 
material makes sense. We expect the 
teacher in commercial work, household 
arts, or industrial arts where computation 
plays a part to review necessary topics in 
arithmetic or algebra before presenting 
their applications to the subject being 
taught. In like manner, it is often neces- 
sary for the mathematics teacher to re- 
view or teach some new reading material 
before his pupils can be safely left to rely 
upon the explanations or study the prob- 
lems in the text. In fact, it may be neces- 
sary for the mathematics teacher to review 
some of the principles of teaching reading, 
which we probably know, but a few sug- 
gestions may not come amiss. 

Every teacher writes on the board for 
further reference a new and difficult word 
as it is presented. Many drills on the pro- 
nunciation, spelling, and meaning of 
technical words, new and old, are helpful 
and really teach mathematics. Oral and 
silent reading of the text often reveal, by 
the expression with which a passage is read 
and by answers to questions on the ma- 
terial, whether the pupils comprehend the 
words and sentences to which they are 
giving lip service. 

Have you ever heard the story of the 
wise but unschooled father who was of so 
much help to his son who was studying 
algebra? Every day Pat went to school 
with a perfect lesson. When he was asked 
how he was able to get it, he always re- 
plied, ‘“My father helped me.” His teacher 
knew that Mr. Clancy had never studied 
algebra, so he asked the father one day 
how he could teach something he did not 
know. Mr. Clancy replied, “Oh, that’s 
easy. When Pat asks me to help him I 
always say, ‘Read it again,’ and when 
he’s read the book enough times, he can 
always do the problems by himself.” 

Careful attention to reading and dis- 
criminating thinking about what is read 
may be gained by presenting problems 
that omit vital data, and which the pupils 
can learn to complete. The boys and girls 
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enjoy making up similar problems .to be 
written on the board and read critically 
by other members of their group. 

Having removed the blocks and re- 
taught the topics, how may we prevent a 
future recurrence of forgetting which will 
require further remedial treatment? The 
time-honored, and still effective, answer is 
drill. Drill, or if you prefer, practice, is in 
such disrepute that we must pause to give 
it the credit it deserves. It occupies an 
important place in the cycle of remedial 
teaching. 

Have you ever tried a remedial summer 
session as a supplementary aid in correct- 
ing difficulties in arithmetic? Such a read- 
ing school in our town had done excellent 
work, so six years ago I organized an 
arithmetic school which was combined 
with the reading group under the name 
of Remedial School, and for two summers 
I acted as its principal. 

Pupils were admitted upon the recom- 
mendation of their teachers with the ap- 
proval of the principals, or upon the re- 
quest of their parents. It was felt that for 
the best results, enrollment should be 
limited to children of average intelligence 
or better. They were allowed to take only 
one subject so that intensive work could 
be done. Class periods were two hours 
in length, the complete session was half a 
day, and the school lasted for five weeks. 
In order that the pupils might receive 
individual attention, classes were limited 
to seven pupils. Most important, the 
teachers were chosen with great care, and 
further training in remedial teaching was 
given in daily half-hour teachers’ meet- 
ings. Since this was a special service, a fee 
of $20 for the summer was charged, but 
if a child wished it and needed help and 
the parents were unable to afford the cost, 
upon the request of the principal the 
Board of Education found the money to 
pay the tuition fee. 

Perhaps because they paid out money, 


the parents showed remarkable co-opera- 
tion and interest in the progress of their 
offspring and frequently visited the school 
in addition to the routine interviews with 
the teachers made before and after the 
summer session. 

Previous to the opening of the Remedial 
School, teachers were given as much in- 
formation as possible about the I.Q., the 
physical, social, and mental traits of each 
pupil, his past progress and weaknesses, 
as well as the opinion of his regular 
teacher. This material was a guide in de- 
ciding what should be taught him. The 
methods used were those described above. 
Gains were measured by standardized 
arithmetic tests administered at the be- 
ginning and end of the two 5-week sessions, 
and have shown remarkable improvement. 
The first summer, the median gain in the 
5 weeks’ period was 10 months; the range 
of the gains (all test scores were often col- 
ored by emotional factors) varied from —5 
months to 5 years and 5 months. Needless 
to say, the Remedial School has continued 
and prospered. 

I see you are looking at the calendar 
instead of your watches, so I hasten to 
close. To summarize, if we wish to avoid 
the necessity for remedial instruction, we 
shall do preventive work by teaching in 
the light of recurring errors. Should re- 
medial teaching be necessary, the wise 
instructor discovers and removes the 
blocks to learning. He provides the vppor- 
tunity for emotions to work for instead of 
against learning, he arouses interest and 
respect for knowledge, and motivates the 
topic to be mastered. He may have to 
teach the pupils how to read the mathe- 
matics textbook so they can have help 
when he is not available. He persists with 
explanations until the concept, skill, or 
process is clearly understood. After the 
topic being studied is thoroughly mas- 
tered, the wise teacher provides sufficient 
drill to fix the learning of that topic. 
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Edited by Howard Eves, University of Maine, Orono, Maine 


Mascheroni constructions 


by N. A. Court, University of Oklahoma, Norman, Oklahoma 


In a recent issue of THe MarHematics 
Teacuer,! Dr. J. H. Hlavaty called atten- 
tion to the curious so-called Mascheroni 
constructions, or geometric constructions 
with compasses alone. The readers of Dr. 
Hlavaty’s attractive article may be inter- 
ested in some supplementary notes of a 
historical and bibliographical nature. 


A BYPRODUCT OF THE MASCHERONI 
CONSTRUCTIONS 

Plato enjoined seekers after geometrical 
knowledge to carry out their geometric 
constructions with only an unmarked ruler 
and compasses. What prompted such a re- 
striction is an open question which has led 
to considerable speculation. It seems cer- 
tain, however, that it never occurred to 
the great philosopher that such a seem- 
ingly innocent limitation imposed upon the 
permissible construction tools could possi- 
bly have a bearing upon the nature of the 
problems which can then be solved. For 
example, the Greek geometers soon dis- 
covered that they could devise a number 
of methods for the trisection of an angle if 
they disregarded Plato’s restriction, but 
they were never able to solve that prob- 
lem while complying with the restriction. 
They came to the conclusion that Plato’s 
restriction was a severe handicap at times, 
though this, of course, did not show that 
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a “legitimate” solution of the trisection 
problem could not be found. This view was 
shared by succeeding generations of math- 
ematicians, and for about two thousand 
years geometers awaited the genius who 
would finally conquer the trisection prob- 
lem, only finally to discover that this 
“messiah” will never come. 

By outbidding Plato in “puritanism,”’ 
Mascheroni brought the question of the 
role of construction tools in geometry to 
the fore at a time that was ripe and ready 
to deal with it. The matter was taken up 
by Poncelet (1788-1867), Steiner (1796— 
1867), and others. These preliminary stud- 
ies paved the way for Gauss (1777-1855), 
who finally provided the definitive answer 
to the question concerning which problems 
can and which cannot be solved with ruler 
and compasses. 


Grora Mour 


Strictly speaking, the term ‘‘Mascher- 
oni construction” is a misnomer, for the 
Italian mathematician was not the first 
one to discard the ruler and to carry out 
geometrical constructions with the com- 
passes alone; he was anticipated 125 years 
earlier by a Danish mathematician named 
Georg Mohr. In 1672, Mohr simultane- 
ously published, in Amsterdam, a Dutch 
edition and a Danish edition of a book 
bearing the title Euclides Danicus. This 
book contains Mascheroni’s basic result 
and a goodly number of his problems. 
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Very little is known about Georg Mohr. 
He was born in 1640 in Copenhagen, and 
it is surmised that like many of his Scandi- 
navian contemporaries he left Denmark to 
study at the then flourishing Dutch uni- 
versities. No other writings of Mohr are 
known. Leibniz, in a letter dated May 12, 
1676, and addressed to H. Oldenburg, then 
secretary of the Royal Society of London, 
refers to “Georgius Mohr Danus in 
Geometria et Analysi versatissimus”’ (“the 
Dane Georg Mohr very well versed in 
geometry and analysis’’).? 

The contemporaries of Mohr may have 
known a good deal more about him than 
we do now, but they appear to have paid 
little attention to his Euclides Danicus. In 
fact, the book seems to have passed en- 
tirely unnoticed. Bibliographical _refer- 
ences to this work are very scant, and 
those extant seem to take the book for 
some kind of compilation of Euclid’s Ele- 
ments. A copy of the Danish edition of the 
Euclides Danicus came to light only very 
recently, and by sheer accident, when a 
Danish student happened upon the book 
in a secondhand bookshop. He showed the 
book, for appraisal, to his teacher, Pro- 
fessor Johannes Hjelmslev of the Uni- 
versity of Copenhagen. The latter, realiz- 
ing the book’s historical importance, pub- 
lished a facsimile copy of it together with 
a German translation, Georg Mohr, Eu- 
clides Danicus, Amsterdam, 1627, in 
Copenhagen in 1928. 

Strange as may be the reappearance of 
a book which was ignored for more than 
two and a half centuries, this find does not 
in any way detract from the merits of 
Mascheroni’s work. At the time the 
Italian mathematician wrote his Geometria 
del compasso, nobody knew anything about 
either Mohr or his book. Mascheroni con- 
cludes the preface to his renowned book 
with the explicit statement that he knows 
or no work of the same kind as his, and 


2C. I. Gerhardt, Letbnizens Mathematische 
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there is not the slightest ground for 
doubting his word. 


MATHEMATICIAN AND POET 


Mascheroni’s fame as a mathematician 
is largely based on his Geometria del 
compasso, but not exclusively so; he is also 
the author of several other books. The 
author of the article on Mascheroni in the 
Great Soviet Encyclopedia,* now approach- 
ing completion, credits the Italian mathe- 
matician with having been the first to 
introduce into mathematical analysis the 
sine integral and the cosine integral, that 
is, the functions 


f (sin ¢dt)/t and f (cos t dt) /t. 
0 z 


In addition to being a gifted mathema- 
tician, Mascheroni was also a talented poet 
—a rather rare combination. To consider 
him as “the greatest poet among mathe- 
maticians” is to belittle him, for literary 
men are just as eager to claim him as one 
of their own as mathematicians are to 
consider him as belonging to their clan. 
The articles devoted to Mascheroni in the 
French Grande Encyclopédie and the En- 
ciclopedia Italiana’ characterize him as 
both ‘mathematician and poet.’’ More- 
over, both articles were written, not by 
mathematicians, but by professors of 
literature. There is more than one edition 
of Mascheroni’s collected poetical works. 


NAPOLEON 


Although a member of a monastic order, 
Mascheroni had sympathy for the French 
Revolution and was a great admirer of 
Napoleon. The book Problemi per gli 
agrimensori or Problems for Surveyors, 
which Mascheroni published in 1793, in- 
cluded a dedication, in verse, to Napoleon. 
During Napoleon’s campaign in northern 
Italy, the two men became acquainted 
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with one another, and the successful gen- 
eral learned directly from the Italian 
scholar about the latter’s geometrical dis- 
coveries. When, shortly after that, Mas- 
cheroni published his Geometria del com- 
passo, he made use of his poetic talent to 
place at the head of his work a dedicatory 
ode to Napoleon, a poem of considerable 
literary merit. Napoleon, on his part, re- 
paid his friend by being instrumental in 
bringing the author’s work to the attention 
of the learned circles of France. 

There is, in this connection, a histori- 
cally authenticated anecdote that is worth 
relating. In December of 1797 there took 
place in Paris a brilliant gathering of 
prominent writers and scholars, with the 
immortal Lagrange and Laplace among 
them. A most conspicuous member of the 
company was the young and victorious 
General Napoleon Bonaparte, who hap- 
pened to be a former pupil of Laplace in a 
military school. In the course of the 
evening, the victor at Arcole and Rivoli 
had occasion to entertain Lagrange and 
Laplace with a kind of solution of some 
problems of elementary geometry that was 
completely unfamilar to either of the two 
world-famous mathematicians. Legend has 
it that after having listened to the young 
man for a considerable while, Laplace, 
somewhat peeved, remarked, ‘General, 
we expected everything of you, except 
lessons in geometry.” 

Echoes of the above conversation 
prompted the young A. M. Carette, who 
had just graduated from the famous 
Ecole Polytechnique founded by Gaspar 
Monge (1746-1818), to translate Mascher- 
oni’s book into French. The translation 
was published in 1798, one year after the 
original had come off the press. Thirty 
years later, in 1828, Carette published a 
second edition in which he included a 
biography of Mascheroni, but the dedi- 
catory poem to Napoleon was left out— 
the political complexion of France had 
changed. 


EprrorraAL Nore. There is reason to 
believe that the idea of undertaking geo- 


metric constructions with compasses alone 
was suggested to Mascheroni by the 
earlier work of Giambattista Benedetti 
(1530-1590), a Venetian by birth, who 
wrote on the geometry of so-called rusty 
compasses, or compasses of fixed opening. 
Such investigations seem first to have been 
considered with some success by the 
Arabian mathematician Abi’l-Wefa (940-— 
998). 

A German edition of Mascheroni’s work, 
entitled L. Mascheronis Gebrauch des 
Zirkels, was prepared by J. P. Griison and 
brought out in Berlin in 1825. It is based 
on Carette’s 1798 French edition of the 
work. The subject is treated in English in 
various places, for example: A. Cayley, 
Messenger of Mathematics, Vol. 14 (1885), 
pp. 179-181; A. Cayley, Collected Papers, 
Vol. 12, pp. 314-317; E. W. Hobson, Math- 
ematical Gazette, Vol. 7 (1913), pp. 49-54; 
H. P. Hudson, Ruler and Compasses, Long- 
mans Green and Company, Inc. (1916), 
reprinted in Squaring the Circle and Other 
Monographs, Chelsea Publishing Com- 
pany (1953), pp. 131-143; J. L. Coolidge, 
Treatise on the Circle and Sphere, Claren- 
don Press (1916), pp. 186-188. The work 
by Hudson gives not only Mascheroni’s 
exposition, but also a more modern treat- 
ment, due to A. Adler of Vienna, which 
employs geometric inversion. 

A bibliography of Mascheroni’s mathe- 
matical writings is given in L’Intermédiare 
des mathématiciens, Vol. 19 (1912), p. 92. 
For a picture of Mascheroni, after an en- 
graving by F. Redenti, from a drawing 
made from life, see D. E. Smith, History 
of Mathematics, Vol. 1, Ginn and Com- 
pany (1923), p. 516. Here one can also 
find reference to three Italian biographies 
of Mascheroni. 

The particuler problem, “to divide the 
circumference of a circle into four equal 
parts by compasses only,” has become 
known as Napoleon’s problem. Although 
the solution to this problem appears in 
Mascheroni’s work, it is narrated that 
Napoleon proposed the problem to the 
French mathematicians. 
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John Wallis and complex numbers 


by D. A. Kearns, University of Maine, Orono, Maine 


FIcTION IS A FORM IN SEARCH 
OF AN INTERPRETATION.! 


In the long history of the development 
of the number concept, the square roots 
of negative numbers had occurred in the 
solution of quadratic and, later, of cubic 
equations. But they puzzled mathema- 
ticians and were considered useless and 
merely symbols devoid of any significance. 
The present-day sophisticated technique 
of neglecting meaning and developing an 
arithmetic of symbols is largely a device 
to systematize what has already been 
given meaning and proven useful. In the 
seventeenth century, however, forms such 
as 1/—1 were ignored because they stood 
for no concept. 

Perhaps the first to attempt the task of 
providing specific realizations of the com- 
plex numbers' was John Wallis (1612- 
1703), a contemporary of Newton and one 
of the geniuses of the early renaissance of 
mathematics. He pointed out that nega- 
tive numbers “as to bare Algebraick No- 
tation... import a Quantity less than 
nothing,’’? but that when interpreted as 
directed distances along a line, they 
become useful and can be given meaning. 
He argued, similarly, that complex num- 
bers, in themselves meaningless in terms 
of quantity, can also be given significance 
and use in a geometric context. 

Wallis had an ingenious algebraic inter- 
pretation of a pure imaginary number as 
the mean proportional between a positive 
and a negative number, but it is only by 


1 T. Dantzig, Number, the Language of Science (New 
York: The Macmillan Company, 1939), p. 205. 

2 J. Wallis, Algebra as given in D. E. Smith, Source 
Book in Mathematics (New York: McGraw-Hill Book 
Company, Inc., 1929), p. 46. 


considering his geometric realizations of 
this idea that it becomes convincing. The 
following is a brief discussion of these 
“geometric effections.”’ 

To illustrate the above interpretation, 
Wallis considers a circle with diameter 
AC. (See Fig. 1.) Segments on the 
diametral line measured in the direction 
AC are positive, and those measured in the 
opposite direction are negative. If we 
erect, at a point B between A and C, a 
perpendicular which cuts the circle in 
point P, then (BP)?=(AB)(BC), and BP 
is the mean proportional between AB and 
BC. Letting AB=b, BC=c, we have 
BP=/+hbe. 


Figure 1 


On the other hand, let the tangent to the 
circle at P cut CA produced in B’. Then, 
as before, (B’P)*=(AB’)(B’C), and the 
tangent B’P is the mean proportional 
between AB’ and B’C. Letting B’/C=c 
and AB’ = —b, a negative number, we see 
that B’P corresponds to »/ —be. 

Wallis’ originality is exhibited in another 
and more exciting illustration. Suppose we 
consider the problem of constructing a 
triangle when two sides and an angle, not 
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included between the two sides, are given 
—the so-called ambiguous case. Let AP, 
BP, and <PAa be the given elements. 


B Cc 


Figure 2 


Then the altitude PC (see Fig. 2) is deter- 
mined, and the construction of a triangle 
upon the base Aa is possible if PCSPB 
but impossible if PC>PB. If PC is ac- 
tually less than PB, two triangles, AAPB 
and AAPB’, are found which have the 
given elements as components. Further- 
more, the following three relations hold: 


(1) 
— /(PB)?—(PC)?, 

AB’ =/(AP)?—(PC)? 
+/(PB)?—(PC)?, 

(3) AB+AB’ =2(AC). 


(2) 


Now, for the case in which PC>PB, 
V(PB)?—(PC)* is pure imaginary. But, 
Wallis points out, two points B and B’ are 
still determined by the given sides and 
angle, these points no longer lying on Aa, 
but lying elsewhere in the plane. 

On PC as a diameter, construct a circle 
tangent to Aa, and then with PB (which 
is given) as a radius, construct points B 
and B’ on this circle (Fig. 3). Triangles 
PBC and PB’C now have their right angles 
at B and B’ rather than at C. Therefore 
BC and B’C can be thought of as tangents 
to a circle with center at P and radius PB, 
and thus as representing the pure imagi- 
nary numbers which are given alge- 
braically by the second radical in the 


right members of equations (1) and (2). 
Triangles APB and APB’ do not have 
< PAC as an element, but the line PC 
determined by X PAC is essential to their 
construction. AB and AB’ can be used to 
represent the complex numbers given by 
the right members of equations (1) and 
(2) and are, in a sense, the vector differ- 
ence and vector sum of AC and CB and of 
AC and CB’ respectively. Moreover, if we 
add (1) and (2) in a formal manner, we 
obtain (3); this can be interpreted as the 
addition of the segments Ag and AQ’ ob- 
tained by projecting AB and AB’ on Aa. 
In the case where PC <PB, AB and AB’ 
are their own projections on Aa and this 
same interpretation is therefore shown to 


be valid. 


Figure 3 


Thus Wallis generalizes the meaning of 
equations (1), (2), and (3) so that opera- 
tions with them hold in both cases. In so 
doing, he makes it possible to realize the 
existence of complex numbers in a geo- 
metric way. 

Then too, these constructions give the 
solutions of the quadratic equation 
z?—br+a=0, since if we let (in either 
Fig. 2 or Fig. 3) z=AB (or AB’), 
AC=PB=PB'=b/2, and PC= v/a and 
substitute these in equations (1) and (2), 
we obtain 


r=b/2+ /(b/2)*?—a, 


the quadratic formula applied to the equa- 
tion being considered. 
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@ MATHEMATICS IN THE JUNIOR HIGH SCHOOL 


Edited by Lucien B. Kinney, Stanford University, and 
Dan T. Dawson, Stanford University, Stanford, California 


Mobile geometric figures 


by Alvin E. Ross, Culver City Junior High School, Culver City, California 


This is a project which can be used in a 
seventh- or eighth-grade mathematics 
class, giving the teacher an opportunity to 
broaden the horizontal scope of learning 
situations. Having students construct mo- 
biles facilitates reviewing of mathematical 
formulas, and intense motivation for the 
activity can be obtained by hanging a 
teacher-made mobile in the classroom. 

Mobiles can be constructed of various 
shapes and figures fastened together with 
wire, string, or thread. The shapes are 
attached in such a manner that they may 
rotate about several axes. When moved 
by air currents of a room, the mobile 
slowly revolves to form intricate designs 
and shapes which stimulate the imagina- 
tion of the viewer. 

The basic idea of this project can be 
interpreted in the form of a mathematical 
project of design, the problem being to 
construct a mobile having geometric 
shapes for the figures and providing an 
interbalance among the configurations. 

Mathematical problem: The first prob- 
lem is purely a mathematical one of design 
and computation to prove that the pat- 
tern is mathematically correct. In theory, 
it should be pointed out that by using 
materials of the same specific density, one 
can balance one set of areas by an equal 
amount of areas, regardless of the indi- 
vidual shapes of these areas. 

Inverse substitution: As the students 
work to prove their projects, they will 


become confronted with geometric for- 
mulas which will have to be solved back- 
wards, i.e., they know the desired area of 
a figure but now have to work backwards 
to determine dimensions. This can create 
an entirely new concept of formula sub- 
stitution. 

Lever and balance: During their work, 
students will begin to think of balancing 
a large geometric shape by a smaller one 
placed farther from the fulcrum. This can 
lead into a discussion of fulerums or the 
“law of levers.”’ This interbalance becomes 
part of a total balance which must be con- 
sidered in the over-all picture. 

Square root: As formulas are manipu- 
lated forward and backward, there will 
come the realization that to find the di- 
mensions of a circle with a known specific 
area, a new process must be learned. Since 
the radius squared is known, but not the 
radius, it becomes necessary to find the 
square root which (because of the need) 
can be grasped quickly. If this project is 
being done at the seventh-grade level, 
circles can be omitted from the mobiles. 
However, some of the more able students 
may use this as an enrichment topic. 

Proofs: When the design and proof are 
completed, the work may be presented to 
the class for acceptance before actual con- 
struction can begin. This may cause con- 
siderable group rivalry in trying to stump 
other groups by proving a complex equa- 
tion or design. A complex mobile may use 
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several configurations to make up a total 
figure. After discussion and approval by 
the class, construction can be started. 

Geometric construction: To develop stu- 
dent awareness of density and specific 
gravity, two different weights of chip 
board can be made available. The students 
must construct all figures from the same 
material to achieve balance. Construc- 
tion can provide an opportunity to dis- 
cuss geometric design and review the use 
of compass, ruler, and protractor. 

Center of balance: To provide students 
with an opportunity to determine the 
center of balance, a restriction should be 
set up requiring them to have one geo- 
metric plane parallel to the floor. 

Assembly: A metal coat hanger, cut at 
the bottom and extended, is used as the 
main fulerum. After the original check, 
the figure should be disassembled and 
made ready for painting. First the figures 
should be given a wash coat of shellac, 
very dilute. Next, tempera can be mixed 
with condensed milk to achieve a glossy 
finish, and the figure can be painted. The 
mobile is then ready to be reassembled 
and hung for viewing. 


Outcomes: This project was originally 
conducted by Wayne L. Scott, an instruc- 
tor of mathematics at Culver City Junior 
High School, Culver City, California. 
Following is a brief résumé of the outcomes 
which he found: 

“A number of incidental outcomes were 
evident. The students developed aesthetic 
appreciations in achieving a mobile which 
proved geometrically correct and pleasing 
to the eye. This pleasure they desired to 
share, and suggested that the mobiles be 
sent to a children’s hospital for the others 
less fortunate. The suggestion was turned 
over to the English Department as an 
integrated study. Another development 
was recognition of the superior mathe- 
matical ability of certain students and its 
value to a group. Group members were 
selected for their ability to contribute, 
rather than the policy of friends first. 
Finally, with all of the related lessons and 
incidental learning situations, the basic 
problem of a good review of geometric 
formulae was completed. The students 
experienced real satisfaction in knowing 
that the final mobiles were the results of 
their own design and problem solving.” 


Have you read? 


Murray, Joseru, “Correlation of Arithmetic 
and Typewriting,”’ American Business Edu- 
cation, October 1957, pp. 34-36. 


Mr. Murray, a business teacher, gives some 
good advice for all of us. He believes not only 
that correlation can be carried out, but that it is 
our duty to do so. As mathematics teachers, we 
should encourage and work with men like Mr. 
Murray. Some of his illustrations follow. In tab- 
ulation, when typing involves columns of fig- 
ures, the student could be required to sum the 
column. Income tax forms that are typed could 
also be calculated. Typing of telegrams should 
include figuring the cost. Financial reports can 
be balanced, invoices can be figured, and budg- 
ets balanced. 

I think you will agree with the author that 
here is an opportunity to make past instruction 
more meaningful and present instruction more 
permanent.—Puiip Peak, Indiana University, 
Bloomington, Indiana. 


Youne, Jesse E. “Educational Growth: Can 
We Improve Its Measurement and Quality?” 
Peabody Journal of Education, January 1958. 


It has been said “that which we cannot meas- 
ure we cannot know.” Education is difficult to 
measure. The author raises the question as to 
what teaching is, leading or guiding the learner? 
In education, what is the balance between quan- 
tity and quality? You will be interested in the 
emphasis here on the scientific method and how 
it might well be the crux of an education. 

To this end, emphasis must be on mastery of 
method, pupil self-appraisal, opportunity for 
pupil creativity, and more individual attention. 
Examinations should foster this by making tests 
which give the student an opportunity to test 
himself. Society expects schools to improve the 
quality and quantity of the thinking of its 
members. This points the way for the scientific 
Prax, Indiana University, 
Bloomington, Indiana. 
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® POINTS AND VIEWPOINTS 


A column of unofficial comment 


What algebra for seventh and eighth grades? 


by Myron F. Rosskopf, Teachers College, Columbia University 


During the fall semester, and particu- 
larly after the progress made in putting 
satellites into the sky, many teachers 
spoke to me about a speeded-up program 
in mathematics. What concerns me is the 
pressure on the mathematics program in 
the junior high school. 

Most of these teachers say that they 
have learned from their school adminis- 
trators that a proposal has been made to 
move ninth-grade algebra into the eighth 
grade, for better students. This means that 
the typical seventh- and eighth-grade pro- 
gram would be compressed into the 
seventh grade. There does not seem to be 
any consideration of what losses might 
result from this. The question is not, “Can 
algebra be taught in the eighth grade?” 
but, it seems to me, “Is teaching ninth- 
grade algebra in the eighth grade a wise 
choice to make?” 

I should like to give a categorical 
answer ‘‘No”’ to the latter. There are other 
possible suggestions that make more sense 
from any point of view one wishes to take, 
whether it be philosophy, curriculum, 
psychology, or mathematics. 

Anyone who looks at a seventh- and 
eighth-grade book or a pair of books 
written especially for the seventh grade 
and the eighth grade knows that there 
are already in the program for these two 
years a great many algebraic concepts. 
Some of the textbooks include a chapter on 
algebra toward the end of the eighth grade. 
So the idea of some algebra in these two 


years is not new. Many recent publications 
indicate that the syllabus for the two 
years under question should include some 
algebra. If one looks at the syllabuses, 
then he gets the impression that the sug- 
gested algebra is pretty much that which 
can be summarized with the phrase: ma- 
nipulative algebra. That is, students would 
learn how to solve equations and how to 
translate word statements into algebraic 
symbolism. The only publication that 
seems to give some attention to the need 
for emphasizing concepts is The Mathemat- 
ics of the Seventh and Eighth Grade, a publi- 
cation of the Commission on Mathematics 
of the College Entrance Examination 
Board. However, the latter publication 
does not spell out at all the ways in which 
a teacher might use algebraic concepts in 
his teaching of seventh- and eighth-grade 
mathematics. Some suggestions that might 
be useful are given below. 

When the formula for the perimeter of a 
rectangle is being taught in the seventh 
grade, a teacher has an excellent oppor- 
tunity to introduce the concept of a place- 
holder to his students. The concept of 
what the word “perimeter”? means is de- 
veloped first in words. After some exam- 
ples have been solved, just using the idea 
of a perimeter as stated in words, then one 
can ask the class, “Is it possible to write 
what a perimeter is in shorter form?” 
What a teacher is doing here is guiding a 
class to introduce another symbol for the 
perimeter besides the word “perimeter”. 
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It should be a short step to the idea of P 
as a placeholder for perimeter, / as a place- 
holder for the number of units in the 
length, and w as a placeholder for the num- 
ber of units in the width. Then one can 
write what the perimeter means by writing 


P=l4l4+w-+w. 
From here, one might wait until a student 
suggests the writing of 
P=21+2w. 

This is just one example among many 
opportunities that already exist in the 
seventh- and eighth-grade program to de- 
velop a clear idea of the use of a place- 
holder—and thus, a variable—in mathe- 
matical sentences. 

All through the elementary school arith- 
metic program, the fact is stressed that 

24+3=3+2 
19+7=7+19 


5X3=3X5 
I8X19=19X18 


and that “grouping” for convenience in 
addition or multiplication is possible, 


2+(3+9) =(2+3)+9 
2X (4X7) =(2X4) X7 


Should there not come a time when 
names are attached to these principles of 
arithmetic? Would it not be well to state 
these instances of the principles as princi- 
ples that apply to all the numbers the stu- 
dents know? It seems to me the answer to 
each question is Yes. 

Some such language like the following 
might be used: First, here we have a host 
of statements that are true. Can we sum- 
marize these millions of statements by 
writing just one statement? And can we 
at the same time give a name to the princi- 
ple? 


Commutative Principle for Addition: For 
any numbers a and b, 


a+b=b-+a. 


Commutative Principle for Multiplica- 
tion: For any numbers a and b, 


aXb=bXa. 


Associative Principle for Addition: For 
any numbers a, b, and e, 


at+(b+c)=(a+b) +e. 


Associative Principle for Multiplication: 
For any numbers a, b, and c, 


aX(bXc) =(aXb) Xe. 


The Distributive Principle of Multipli- 
cation with respect to addition is used in 
the arithmetic multiplication algorism. 
After the use has been illustrated, a sum- 
mary might be made in the statement: 

For any numbers a, b, and c, 


aX(b+c) =(axXb)+(aXce). 


Of course, parentheses are used in these 
statements. Perhaps it is necessary to say 
that no “production” should be made of 
their use. Merely indicate that parentheses 
are used for punctuation—as a conveni- 
ence—like commas in English. 

There is much graphing in the present 
seventh- and eighth-grade program, but 
there is very little work done with co- 
ordinates on a line or in part of the plane. 
If an extension of the present program is 
desired, couldn’t it be in this direction? 
Some excellent algebraic language could 
be introduced, like one-to-one correspond- 
ence between points and the numbers the 
students know, co-ordinate of a point, and 
graph of a number. Of course, only that 
part of the aumber line illustrated would 
be used. Then, the 


graph of 5 is point P, and the co-ordinate 
of P is 5. A teacher might even introduce 
an inequality and make a graph of 
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for his 


0 1 2 3 4 


students of. the symbolism used. 

A further extension of graphing could 
be made to a part of the plane—the first 
quadrant. If so, inequalities in the plane 
could be graphed, and the intersection of 
the graphs of points satisfying a pair of 
inequalities shown. It is implied that a 
teacher would develop the concept of co- 
ordinates of a point in a plane as an 
ordered pair of numbers and would extend 


the idea of graphing to that of an ordered _ 


pair of numbers. 

If equations are introduced, then it 
seems teze the classwork should concen- 
trate on finding for what number an equa- 


tion becomes a true statement. No formal 
methods of solution ought to be introduced 
unless you, as a teacher, want to give a full 
treatment. Stating the usual “axioms” 
and applying them is, mathematically, 
worse than doing nothing. 


To summarize these few suggestions: 

. Introduce correct language—language 
that will be used tomorrow in high 
school and colleges; 

. Extend the notions of arithmetic to a 
higher level by introducing the idea of 
a placeholder and names for the basic 
principles of arithmetic; 

. Extend the graphical work to some- 
thing more than picture, bar, broken 
line, or circle graphs by introducing the 
idea of a graph arising from an equa- 
tion or inequality. 


Have you read? 


FENKEL, Maurice. ‘‘A Science Career. How the 
High School Affects the Choice,” Bulletin of 
the National Association of Secondary School 
Principals, September 1957, pp. 45-49. 


This is the report of a study carried on in 
Colorado in 1956. High school principals, stu- 
dents, science teachers, and guidance coun- 
selors were included in the study. The informa- 
tion was gotten by questionaire and interview. 
The results are somewhat astonishing. For ex- 
ample, the principals were not well informed as 
to needs in science, and they were not aware of 
the inadequacies in science departments both 
us to teachers and facilities. They seemed more 
concerned about the poor student than about 
the science student. Science teachers were doing 
many things other than what they had pre- 
pared to do and were teaching science areas in 
which they had had no preparation. Few had 
graduate work in their teaching fields, and few 
had laboratory periods in their instruction, 
Counselors were in general not interested in 
science. High school students were better in- 
formed as to scientific needs and the inadequa- 
cies of their program than the principals of the 
schools. 

In response to the question why more people 
do not take science, most participants seemed 
sure the reason was the difficulty of the subject. 
Twenty-five per cent of the students who first 


thought they wanted to study science changed 
their minds in grades ten to twelve. What is the 
remedy? The author suggests better teaching, 
texts, equipment, program of science in ele- 
mentary grades, and more money. 

This is well worth reading for a broad picture 
of our problem.—Puiuip Peak, Indiana Uni- 
versity, Bloomington, Indiana. 


James, T. F. “Living With Success—How 
Much Education Do You Need?’’ Cosmopol- 
itan, February 1958, pp. 32-39. 


This article is part of a series on success. The 
author raises a number of questions, but the 
reader must come out with his own answers. 
Mr. James points out the relation between grad- 
uation from a liberal arts college and a business 
school, between college education and company 
education. There is also a discussion of special- 
ists as opposed to humanists. Some cold facts are 
given, for example, vocational graduates are 
employed first. 

The promising factor in all this is that indus- 
try is interested in education. Whether you gain 
education through a formal program or through 
an internship depends on many variables. In 
any event all the education you can get is not 
too much.—Puiuip Peak, Indiana University, 
Bloomington, Indiana. 
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Reviews and evaluations 


Edited by Richard D. Crumley, Iowa State Teachers College, Cedar Falls, Iowa 


BOOKS 


Eprrortat Nore: Dual reviews of the first 
two books discussed give comments from the 
college and from the secondary school view- 
points. 


An Introduction to Euclidean Geometry, J. C. 
Eaves and A. J. Robinson (Reading, Massa- 
chusetts: Addison-Wesley Publishing Com- 
pany, Inc., 1957). Paper, xii +327 pp., $4.25. 


In their preface, the authors describe this 
volume as a “‘text-workbook covering the essen- 
tials of plane and solid geometry.” They also 
refer to it as a “combined course” in plane and 
solid geometry. The first statement is entirely 
correct; the book does cover the essentials of 
both plane and solid geometry, and it is a com- 
bined textbook and workbook arranged in 
thirty-seven lessons from which a student 
should be able to master the subject. It is not, 
however, a combined course: the first 200 pages 
deal with plane geometry and the last 125 with 
solid geometry. There is no attempt whatever to 
exploit any opportunity to develop spatial con- 
cepts concurrently with work in two dimensions; 
the two parts of the course are rigidly sep- 
arated. Indeed, opportunities are not only not 
exploited, they are deliberatedly avoided. In 
many cases (e.g., pp. 18, 83, 95, 117, 197) three- 
dimensional pictures illustrate two-dimensional 
concepts with no attempt to relate plane and 
solid geometry. 

The book is designed for college students. 
Perhaps for this reason there are many in- 
stances where a considerable number of defini- 
tions, concepts, and new ideas are packed in 
very small compass. One wonders whether col- 
lege students who are so poorly prepared that 
they have to take a high school mathematics 
course can absorb ideas so intensively presented. 
Presumably, the authors’ experience indicates 
that they can. 

The book reflects the authors’ concern to 
give a treatment that is mathematically defensi- 
ble. Thus they are at pains to set forth the na- 
ture of a mathematical system, the rule of un- 
defined terms, assumptions and previously es- 
tablished results, the significance of proof, and 
the like—and they do this well. Emphasis is 
placed on the particular postulates used in a spe- 
cific proof. At the same time, no attempt is made 
to provide a basic set of assumptions that is 
minimal or to discuss logical properties of pos- 
tulate systms: this is a course in geometry, not 
a course about geometry. 

Clear indications, moreover, are given when 
certain results have not been proved, but only 
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made plausible. This is commendable. In par- 
ticular, no definition of limit is given, and the 
area of acircle is based on the “reasonableness” 
of the formula obtained by approximation from 
above and below. This approach is certainly de- 
fensible; however, it would seem that the actual 
details could have been worked out to eliminate 
so great a hiatus between the computations and 
the formulas. The latter are merely stated, and 
it is doubtful if the student (even one who filled 
in all the spaces in the tables on pp. 198 and 199) 
would clearly see the connection. Moreover, the 
number x ought to be defined as the ratio of cir- 
cumference to diameter. These are college stu- 
dents for whom this book is written! 

The authors are entitled, obviously, to select 
the material that they deem important. The re- 
viewer feels, however, that there is an over- 
emphasis on constructions, a serious underem- 
phasis on locus (the word is mentioned only 
once, and the concept hardly at all), and gen- 
erally, although organization is good, a plethora 
of geometric facts. This impression is strength- 
ened by the fact that theorems and exercises are 
not distinguished typographically. It is only fair 
to add, however, that a summary sheet is pro- 
vided at the end of each lesson, and that a 
teacher could use this to indicate appropriate 
emphases. These summary sheets seem to be an 
essential part of the methodology of the text, 
and only through their regular, careful, and in- 
telligent use is the student likely to get a clear 
idea of what the course is about and avoid con- 
fusion. 

In summary, this book is a carefully pre- 
pared text, written in such a way as to empha- 
size genuine thinking on the part of the student. 
It reflects a sound mathematical background 
and a point of view also truly mathematical. The 
student who studies this text should grow not 
only in knowledge of geometry, but in mathe- 
matical power and understanding. The teacher 
who uses the book will find it essential, how- 
ever, to use it in the way the authors intend it 
to be used. It is truly a propaedeutic text.-— 
Albert E. Meder, Jr., Rutgers University, New 
Brunswick, New Jersey. 


An Introduction to Euclidean Geometry, J. C. 
Eaves and A. J. Robinson (Reading, Massa- 
chusetts: Addison-Wesley Publishing Com- 
pany, Inc., 1957). Paper, xii+327 pp. $4.25. 


The authors, in their pro‘ace to the instruc- 
tor, state that this book cau be used as a one- 
semester, college-level course; as a full-year, 
combined plane and solid geometry, high school 
course; or as a one-semester review for high 
school seniors. 


May, 1958 
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Some of the features which make this book 
different should be mentioned to give the reader 
a description of the book. 

In the preface to the students, the authors 
introduce seven postulates. The first lesson 
discusses the history of geometry, the meaning 
and use of defined and undefined terms, fifteen 
additional postulates, method of proof, and il- 
lustrations of theorems. The second lesson pre- 
sents the ruler and compass constructions with- 
out proofs. 

Nearly all the lessons are followed by a sum- 
mary. Some are complete reviews of the lesson, 
while others are to be completed by the student 
guided by the authors’ outlines or key words and 
phrases. The book is in the form of a workbook 
with the pages perforated for easy removal of the 
exercises. This removal does not interfere with 
the text materials or the summaries. Many of 
the proofs which are included in the text are to 
be completed by the student. 

The book contains some features which make 
it better than the usual geometry book. Among 
these is the use of “If..., then...” in the 
statement of all theorems. This should assist the 
student in starting the proof of the theorems. 
Where the statement and its converse are de- 
sired, the authors use the bi-conditional “ . . . if 
and only if... ”’, thus eliminating the need to 
use two statements. 

y The descriptions and illustrations which ac- 
company the constructions are clear and easy to 
follow. A separate figure is used for each step in 
the construction. 

The student will discover many principles 
(before they are proved) by the questions which 
are designed to lead the student’s thinking. The 
procedure of a proof is thus established before 
the proof is required. 

The distance formula from analytic geome- 
try is introduced in connection with the Pythag- 
orean theorem, but the authors fail to follow up 
with further problems from co-ordinate geome- 
try. 
The beginning student would not obtain suf- 
ficient experience with the concepts of geometry 
unless the exercises were supplemented by the 
instructor. This would almost rule out the pos- 
sibility of this book’s use as a replacement for 
most geometry texts. 

The list of statements of some of the proofs 
(pp. 37 and 65) is not complete. This would not 
be serious if the student were told of the omis- 
sions and asked to complete the list, but he is 
not. 

Except for problems on areas of plane and 
solid figures, similar triangles, the Pythagorean 
theorem, and volumes of solid figures, applica- 
tions of the principles to practical problems are 
missing. For the beginning student, these are 
of prime importance. 

This reviewer feels that as a course for col- 
lege students, the twenty-five lessons on plane 
geometry and the twelve lessons on solid geome- 
try are an adequate presentation of the essen- 
tials. The book would serve well as a review for 
high school students who have completed the 


usual course in plane geometry. But its language 
is too difficult and the number of exercises too 
limited to be used as a text for tenth-grade 
students.—John C. Bryan, North High School, 
Omaha, Nebraska. 


Insights into Modern Mathematics (23rd Year- 
book), National Council of Teachers of 
Mathematics (Washington, D. C., National 
Council of Teachers of Mathematics, 1957). 
Cloth, viii +440 pp., $5.75 ($4.75 to Council 
members). 

This volume is an outstanding addition to 
the National Council’s series of good yearbooks. 
It is designed for teachers of secondary mathe- 
matics, specifically “to provide reference and 
background material for both the content and 
the spirit of modern mathematies.”’ A back- 
ground of about two years of college mathe- 
matics is presupposed for the reader. 

In form, the volume consists of chapters con- 
tributed by professional mathematicians, each 
generally writing about the field of his special 
interest. The authors are distinguished and the 
topics carefully chosen, as the following some- 
what abbreviated table of contents indicates: 

. Introduction C. V. Newsom 
. The Concept of Number Ivan Niven 
. Operating With Sets E. J. McShane 
. Deductive Methods. . C. B. Allendoerfer 
. Algebra S. MacLane 
. ... Vector Analysis... 
Vector Space W. Prenowitz 
. Limits . F. Randolph 
. Functions E 
. ... Geometry H 
. Point Set Topology 
. ... Probability 
. Computing Machines . . 
. ... The Mathematics 
Curriculum B. E, Meserve 


The editorial effort is excellent, with the re- 
sult that in spite of the freedom of attack al- 
lowed the authors, there is better unity than one 
would expect of such a collaboration. Certain 
topics and notions appear and reappear in vari- 
ous treatments with beneficial results for their 
comprehension; particularly successful are treat- 
ments of axiomatic structure, algebraic struc- 
tures (groups, fields), sets, isomorphism. The 
multiple treatment of functions, however, is so 
varied in concept and notation that the concept 
does not perhaps come through as well as it 
might have with a more common approach. 
Also, the degree of formality and rigor in proofs 
varies greatly from chapter to chapter and with- 
in chapters, as the reasons for appending proofs 
vary with context. The reader will have to shift 
mental gears smoothly to keep in tune with each 
author’s intent. 

While the varied treatments of function and 
proof make the reading more difficult, they con- 
tribute to one of the most attractive features of 
the yearbook, namely the successful way the 
authors convey the special flavor of different 
fields of mathematics, which come through as 
much by the treatment as by the choice of topics 
treated. 


C. B. Tompkins 
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The various chapters stick pretty well to the 
prerequisite of two years of college mathematics 
as background for understanding the exposition. 
Still, most sections dive in pretty fast from this 
starting point. The book will require careful 
study, but the rewards are great and there for 
the taking. There are good reasons for reading 
the first five chapters before skipping about, as 
they provide a solid basis for the remainder. For 
instance, the first precise discussion of function 
is given in Chapter III, pp. 55-58. As the notion 
of function receives varied treatments in suc- 
ceeding sections, it may be helpful to compare 
each new treatment with this initial treatment. 
The reviewer suggests that the last chapter can 
be profitably read right after the introduction, or 
perhaps after the fifth chapter, as it can supple- 
ment the introduction as an aid in digesting the 
remaining sections. Teachers will probably want 
to read it more than once anyway. 

While not adaptable as a textbook, the year- 
book should provide a good basis for seminars. 
It should be most useful to those concerned with 
teacher training, and one hopes that some of its 
exposition will be taken as a model by authors of 
textbooks—particularly the treatment of limits, 
which avoids “variables approaching numbers’’, 
and the fine exposition of the notion of vector, 
which avoids ambiguities often present in such 
exposition. Those who really want to dig into 
the yearbook might well do so with some kin- 
dred souls. Informal groups will find good exer- 
cises in some sections that they can explore to- 
gether and appended bibliographies to guide 
further study. Such digging will raise questions. 
It is suggested that the mathematics department 
of the nearest university is a good source of 
answers or guidance to answers. 

Some specific comments follow. The term 
‘“‘contrapositive’’ seems misused in several 
places. On p. 211, the theorem to be proved is 
in the form, ““PQR-S.” What is actually 
proved at one stage is, “PQ~S—R,”’ which is 
enough, but the argument goes on to a reductio 
ad absurdum and is not a contrapositive argu- 
ment at all. On p. 416, ‘‘An indirect proof of a 
statement is a direct proof of the contraposi- 
tive of the statement.’’ This remark is not con- 
sistent with the notions set forth in the chap- 
ter on deductive methods. This notion of indi- 
rect proof is very special, if indeed such a proof 
is indirect at all. It excludes many proofs usu- 
ally considered indirect, but not in this form, 
e.g., proof of the irrationality of square root of 


On p. 90, the discussion about the argument 

P+~R 
does not demonstrate that the “argument does 
not follow.” The discussion just establishes that 
a different argument is valid. The given argu- 
ment is invalid because if ‘“P,” “Q,”’ “R” have 
the values ‘‘true,”’ “false,”’ “‘true’’ respectively, 
the premises are true and the conclusion false. 


On p. 108, the proof that (ab) =b—a~ will 
be easier to relate to the group axioms. if seme 
tacit parentheses are replyced as follows: 


(b-4a~) (ab) =b-! [a-"(ad) ] 
=b-'[1-b] =b-b=1. 


The suggestions for further reading are well 
worth pursuing. The reader should be warned 
that there are a few references included for 
mathematically advanced readers, but with one 
exception, these are not specially indicated. One 
can expect to find a fair number of the sug- 
gested readings in any university mathematics 
library.— Robert M. Exner, Syracuse University; 
Syracuse, New York. 


Insights into Modern Mathematics (23rd Year- 
book), National Council of Teachers of 
Mathematics (Washington, D. C., National 
Council of Teachers of Mathematics, 1957). 
Cloth, vii+440 pp., $5.75 ($4.75 to Council 
members). 


What is modern mathematics? What effect 
will it and should it have on the high school 
mathematics curriculum? High school mathe- 
matics teachers are going to be quite concerned 
with these questions in the years that follow. It 
is therefore appropriate that the twenty-third 
yearbook of The National Council of Teachers 
of Mathematics is based on the topic, Insights 
into Modern Mathematics. 

The editors and authors of this book state 
that “it has been designed to serve the needs of 
teachers of secondary mathematies,’’ and that 
its primary purpose is “to provide reference and 
background material for both the content and 
spirit of modern mathematics.”’ This is a very 
exact description of the contents of the book, for 
it contains a college-level treatment of repre- 
sentative mathematical topics that are con- 
sidered to be relatively modern. Each topic has 
been written by an expert in that particular field 
of mathematics. The book contains very little 
high school-level material, and is not, in any 
part, an example of a secondary school text in 
modern mathematics. However, the editors feel 
that the book might suggest some changes in the 
content of the high school mathematics pro- 
gram. 

What topics do the editors of the yearbook 
consider representative of modern mathemat- 
ics? Or, to phrase it differently, what topics are 
in this book? 

After an introduction that deals briefly with 
the nature of mathematics, a short but well 
written section on number theory appears. The 
author, using intuition and some simple proofs, 
clearly outlines the central number systems of 
mathematies, from the natural numbers to the 
complex numbers. He then notes several short- 
comings of this presentation and suggests a more 
exact and more modern approach to number the- 
ory through the formulation of a system of or- 
dered pairs of real numbers. 

The topic of sets, with its unique (and some- 
what tedious) symbolism, is introduced in the 
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vearbook. Questions such as: What are sets? 
What relationship do they have to other 
branches of mathematics and other fields of 
study? What operations, theories, and laws can 
be applied to them? How can the mathematical 
concepts of relation and function be clarified by 
set theory? What are the properties and direct 
applications of sets? are answered at least in part. 

One chapter is devoted to concepts of ‘‘mod- 
ern” algebra. Various algebraic laws and theo- 
rems are presented and developed. The fact that 
these laws and theorems can apply to “things” 
other than numbers eventually leads, through 
the medium of mathematical proof, to discus- 
sions of groups, rings, algebra modulo n, fields, 
and the algebra of transformations. 

Vector analysis, a branch of mathematics 
having important applications in engineering 
and physics, is introduced in a very interesting 
and practical fashion. The geometric concept of 
vectors, basic algebraic properties of vectors, 
applications of vector analysis to high school 
geometry, and an introduction to the theory of 
vector spaces are presented in this chapter. 

The important mathematical concept of lim- 
its is given a rather rigorous treatment in the 
yearbook. Another chapter is devoted to the 
concept of function, and stresses the differential 
equation and the infinite series as a useful mode 
of functional representation. Still another chap- 
ter deals with probability theory and some of its 
interesting problem applications. 

Two topics, ‘‘Deductive Methods in Mathe- 
matics” and ‘Origins and Development of Con- 
cepts of Geometry,’”’ contain ideas that should 
prove valuable in a high school geometry or logic 
course. 

Topology is a branch of mathematics that is 
often associated with such things as inverted 
doughnuts, stretching rubber sheets, and ‘‘Chi- 
nese-like’’ puzzles. The treatment of topology in 
the yearbook is a bit more rigorous, however, 
and, in the words of the author, ‘‘the reader will 
on occasions get a glimpse of topology as it is 
frequently taught in many college courses.” Set 
concepts are quite prevalent in this section, 
demonstrating the close relationship between 
these two topics. 

A book dealing with modern mathematics 
could hardly be considered complete without a 
section dealing with large-scale computing ma- 
chines. The book’s treatment of computers 
starts with a discussion of binary decisions, sug- 
gests a number system that lends itself to such 
decisions, examines the arithmetic based on that 
numbering system, and discusses electronic ele- 
ments and a bit of “circuit algebra’? which could 
help carry out the above-mentioned arithmetic. 
This is followed by a discussion of the general 
structure of a large-scale digital computer and 
some thoughts regarding the possible mathe- 
matical effect of computers. The reader should 
not expect this section to enable him to build 
or write programs for a computer, however. 

The final chapter of the book lists various 
ideas regarding possible effects of modern math- 
ematics on the high school curriculum. 


The preceding paragraphs have perhaps 
seemed like a conducted tour through the table 
of contents of the book. But it was this writer’s 
intent to list objectively the general content of 
the book. One thing should be made clear: the 
yearbook is not a series of mathematical recrea- 
tions that are intended for leisure reading. All 
of the sections are well written (most of them in 
textbook fashion) and well organized. Proofs are 
prevalent in almost all the sections. Some chap- 
ters contain exercises with answers. The bibli- 
ographies are short (making them more usable), 
and they should prove to be quite valuable. 

The editors do not claim that this book com- 
pletely covers the field of modern mathematics. 
It is impossible for it to be more than an intro- 
duction, and some modern topics had to be 
omitted (linear programming, theory of games, 
and modern matrix applications, for example). 

The high school mathematics teacher may, 
like this writer, find some of the topies difficult 
to read and understand, and others easy. He or 
she may find some of the ideas interesting and 
worthy of study, and some of them dull and a bit 
foolish. The teacher might think some of the 
ideas applicable to high school mathematics and 
others not. 

One thing is certain. High school mathe- 
matics teachers are going to be concerned with 
modern mathematics, and something will have 
to be known about that subject before it can be 
intelligently discussed and decisions regarding 
it can be made. This book, then, should prove 
valuable to the high school mathematics teacher, 
for it provides an opportunity (as the title sug- 
gests) to gain an insight into modern mathe- 
matics—Thomas E. Yager, John Burroughs 
School, St. Louis, Missouri. 


Fun with Mathematics (reprint), Jerome 8. 
Meyer (New York: Fawcett Publications, 
Inc., 1957). Paper, vii+176 pp., $0.50. 


This paperback reprint is chuck-full of read- 
able mathematics pitched at the high school 
level. Most of the material should prove interest- 
ing to the better student, and teachers are likely 
to find it a source for enlivening their presenta- 
tion of routine subjects. The text is clarified by a 
number of well-chosen diagrams. A wide assort- 
ment of topics is included, but the arrangement 
is haphazard. Simplicity of exposition is achieved 
by restricting the scope of the topics treated. If 
the reader is interested in a fuller treatment, he 
will have to look elsewhere; unfortunately no 
bibliography for wider reading is provided. But 
within the scope of this little volume, the discus- 
sion is accurate and well written. This reviewer 
did not spot any misprints, so the teacher should 
feel no compunction in placing it in the hands of 
a student. 

In addition to a routine exposition of Roman 
numerals, a variety of interesting puzzles are 
included. A binary system of numeration is ex- 
hibited, and the topic is tied in with the ancient 
doubling-and-halving method of multiplication 
of the Egyptians as well as with modern digital 
computers. 
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In the discussion of magic squares, a number 
of properties beyond the definition are included, 
and again some recreational (crossword) puz- 
zles are attached. Computational devices that 
exploit the base ten of our number system in- 
clude, besides the familiar casting out nines, 
curiosa which arise from repeating decimals. 

This reviewer found the discussion of Fibo- 
nacci numbers particularly interesting. The stu- 
dent is encouraged to discover various recursion 
formulas for himself. A connection with the 
Golden Section is disclosed without introducing 
continued fractions. 

A miscellaneous assortment of relations be- 
longing to the Theory of Numbers are included, 
the selection being such as might awaken inter- 
est with no attempt at thoroughness. 

The section on trigonometry includes in- 
finite series and may be more difficult than other 
portions. Nomographs and slide rules are well 
presented. Several useful formulas for applying 
mathematics to the geometry of the earth are 
given, including sun dial construction. 

In conclusion, a few problems and fallacies 
are solved and resolved. The contents seem to 
justify the title: you can have fun with mathe- 
matics.—Arthur Bernhart, University of Okla- 
homa, Norman, Oklahoma. 


Introductory Probability and Statistical Inference 
for Secondary Schools: An Experimental 
Course, Commission on Mathematics (New 
York, 425 West 117thStreet: College Entrance 
Examination Board). Paper, 182 pp., $1.00. 


For the first time (to my knowledge) a na- 
tional commission has prepared a textbook for 
high school use embodying some of their recom- 
mendations. This unprecedented event may set 
a pattern for the future. In this particular case, 
the result is highly satisfactory. The Commis- 
sion makes clear that this is a preliminary edi- 
tion and welcomes constructive suggestions of 
teachers who use this material experimentally in 
their instruction. Since the Commission is made 
up of nationally-recognized mathematicians in- 
terested in improving the mathematics program 
in secondary schools, it behooves us all to give 
this book which they have had prepared serious 
consideration. 

The book is designed for a one-semester 
course in probability and statistical inference at 
the twelfth-grade level. About one-sixth of the 
book deals with descriptive statistics, one-third 
with probability, one-sixth with statistical infer- 
ence, and one-third with set theory, permuta- 
tions and selections, and mathematical induc- 
tion. The latter one-third is presented as ap- 
pendices. The material on probability and infer- 
ential statistics is based upon the elementary 
theory of sets. 

The book has several outstanding features. 
Pedagogically speaking, the presentation is in- 
ductive and intuitive, followed by formal defini- 
tions and proofs. Many examples are given to 
build up the concepts. Interesting exercises are 
provided to develop further meaning and skill. 
But most important is the content selected for 
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the book. There can be no doubt that this selec- 
tion of content represents the judgment of sev- 
eral outstanding leaders as to the kind of mathe- 
matics desirable for inclusion in a high school 
curriculum. 

The only adverse criticism offered is that the 
members of the writing team should have been 
given some credit for their work. I, for one, 
would like to congratulate them and the Com- 
mission for their collective efforts.—Richard D. 
Crumley, Iowa State Teachers College, Cedar 
Falls, Iowa. 


Plane Trigonometry, Frank A. Rickey and J. P. 
Cole (New York: The Dryden Press, Inc., 
1958). Cloth, x +260 pp., $2.90. 


This book is essentially a traditional text 
with some contemporary icing. A glance at the 
vocabulary might lead one to think it is a 
really new trigonometry text; but the modern 
ideas are merely sprinkled in. They do not play 
a central role. In particular, very little atten- 
tion is given to a consistent (and therefore un- 
derstandable) presentation of the fundamental 
ideas of trigonometry. However, teachers who 
are looking for a different standard text still 
will certainly want to consider this one. 

In the first chapter there are exercises on 
graphing inequalities and expressions containing 
absolute value symbols. Both open and closed 
intervals (not by name) occur as graphs. These 
exercises are valuable in themselves, and students 
will learn to do them by looking at previous ex- 
amples in the text. However, the intended ex- 
planation for the student of what he is doing 
when he makes such graphs is confusing. For 
example, the mystery of the “variable which 
isn’t there’ is perpetuated (in making a two- 
dimensional graph of 222): “Since y is not 
mentioned, it may take on all possible values.” 
The exercises here are, however, quite often in- 
teresting and challenging: ‘Shade the portion of 
the first quadrant consisting of points (z, y) such 
that 

There is no great future need for all this 
early work on graphing, but the exercises are 
good, and certainly it is good for students to get 
such practice. 

A notable attempt at contemporary flavor is 
a chapter called “Radian Measure of Angles. 
Trigonometric Functions of a Number.” 

Students will never know what happened 
here—except that if they close their eyes and 
“keep everything in radians’, the answers will 
turn out right. To understand clearly the dis- 
tinction between a function whose domain is a 
set of angles and a corresponding function whose 
domain is a set of numbers, one must first have 
a clear idea of what a function is. We read: “If 
a variable number y is so related to the variable 
number z that to each value of z in a certain set 
there corresponds one or more values of y, then 
y is said to be a function of z.”’ 

This is close to the usual, pedagogically in- 
effective statement about functions except often 
the contradictory notion of a “variable number”’ 
is avoided. Again, supposedly to clear things up: 


“Geometrically, a functional relationship be- 
tween y and «x sets up a correspondence between 
the points of certain range on the X-axis and 
those of a related range on the Y-axis. If each 
value of y thus determined is paired with the 
value of x to which it is related functionally, 
then the set of points (z, y) thus determined in 
the plane constitutes the graph of the function.” 

As a further explanation this is at least cir- 
cular, explaining ‘functional relationship’ in 
terms of “related functionally’. It is for the 
reader to decide what a student (or his teacher) 
will make of it. 

There are later difficulties with the notion of 
a function. After it is pointed out that the func- 
tion defined by “y =sin z/z”’ has no value for 0 
we find: “If it is desired to include this point 
on the curve, it is necessary to define the func- 
tion as the split function. 


sinz . 
if z¥0 


” 


y= 
1 if z=0 


The description of this function may be 
“split”, but the function itself certainly is not 
It is not split any more than the function defined 
by “y =| for <20, y=z* for <0” is split. 

Again in dealing with inverse functions: 
‘*There are many instances in which it is desir- 
able to express y as a solution of the equation 
sin y == K without assigning K a particular value. 
To this end we say that 


y =an angle whose sine is K.”’ 


Thestatement aboveis not clear, and itis never 
made clear what is meant generally by the in- 
verse of a function. Of course, the student will 
survive by following the examples. 

Also, to understand the difference between a 
trigonometric function of angles and a trigo- 
nometric function of numbers one must see the 
difference between an angle and a number which 
gives the measure of that angle. The confound- 
ing of an angle and its measure is a serious peda- 
gogical weakness throughout this book. The 
student reads: “Specifically, an angle is the 
amount of directed rotation in a plane of a half- 
line from an initial position to a terminal posi- 
tion.” 

On the next page he reads: “An angle is said 
to be in standard position with reference... .” 

How can an amount of rotation be in stand- 
ard position? The measure of an angle (many 
angles) may be 30°, but how do you put 30° itself 
in standard position? Difficulties of this type 
occur repeatedly (italics are reviewer's): ‘“‘A 
radian is an angle which, if placed with its ver- 
tex....” “The fact that an angle is positive or 
negative does not alone determine the sign of its 
trigonometric functions.”’ “Another way of put- 
ting this is to say that for small values of z, sin 
z=z. (All this, of course, if z is a number, or 
number of radians, if desired.)”’ ‘Functions of 
the sum of two angles.”’ 

One can define the sum for two angles as well 
as the sum for two numbers, but no attempt at 


the arithmetic of angles is made in this book. It 
is tricky to define an angle appropriately and 
still allow obtuse angles, but at least some of 
these difficulties can be adroitly skirted. 

The derivations of the cosine addition theo- 
rem and related theorems are unusually neat. 
Similarly the various theorems for general tri- 
angle solving are efficiently derived. In these 
derivations the authors have really used to ad- 
vantage the analytic geometry which is devel- 
oped in previous chapters. 

Some teachers may object to the delay of the 
chapter on general triangle solving to Chapter 8 
on page 167. If the book is taken in sequence, 
many high school courses would never reach 
general triangle solving. This late location is in 
line with the currently recommended decrease 
in emphasis on triangle solving in trigonometry 
courses. Nevertheless, a student coming from a 
course in trigonometry will still be expected to 
be at home with, for example, the Law of Sines 
and the Law of Cosines. A teacher using this 
book might need to take Chapter 8 out of se- 
quence to get such material into the course. 
Such rearrangements are relatively easy in this 
text. 

The previous deprecations were directed to- 
ward the modern “‘icing”’ in this book. The main 
body of it is more sound that the usual current 
trigonometry book. The exercises, which for 
many teachers are the main reason for using a 
text at all, are generally far above average. 
There are the necessary numerous examples 
which show students how to do the exercises. 
Judged as a traditional text it is well above av- 
erage. But judged for genuine consistency or the 
understandability of its theoretical presenta- 
tion, it is still quite an incomplete job made em- 
barrassingly conspicuous by its lip service to 
modern vocabulary.—David A. Page, University 
of Illinois, Urbana, Illinois. 


Soviet Education for Science and Technology, 
Alexander G. Korol (published jointly, Cam- 
bridge, Massachusetts: Technology Press of 
Massachusetts Institute of Technology, and 
New York: John Wiley and Sons, Inc., 
1957). Cloth, xxv +513 pp., $8.50. 


Since early October when the first Sputnik 
was launched, there has been a great deal of soul 
searching in America. As a nation, we have been 
asking ourselves where we have failed and why. 
We've been told that we don’t have enough 
scientists and engineers and that many of those 
we do have aren’t as “good” as their Russian 
counterparts. (A truth borne out by the fact 
that they had a satellite in orbit and we didn’t!) 
“Why not? What’s wrong with our schools?” we 
ask. Magazines and newspapers bristle with ar- 
ticles detailing the respects in which our educa- 
tion is inferior to that in the Soviet Union. The 
occasional statistic as well as the first circling 
satellite are called upon to witness to this fact. 

There is, however, good reason to have 
doubts about conclusions drawn from the occa- 
sional statistic—particularly when emotions run 
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high. Soviet Education for Science and Technol- 
ogy, Alexander G. Korol’s survey based on re- 
search carried out at the Center for International 
Studies, Massachusetts Institute of Technology, 
is especially welcome at this time. The myriad 
facts, drawn from an impressive array of non- 
Soviet as well as Soviet sources, are presented in 
tables and graphs. The casual reader would do 
well, first time through, to scan the statistics and 
pass on in a hurry, keeping an eye out for those 
statements which pithily summarize the wealth 
of tabular and graphic information. 

Almost one half of the study deals with the 
Soviet organization of education through the 
secondary level. The major alternatives to pre- 
professional training are discussed. At present, 
most Russian children have seven years of gen- 
eral education. From then on, their schooling 
may differ widely. Every year hundreds of thou- 
sands are drafted for training in the schools of 
the State Labor Reserve. These programs are 
terminal and provide the labor force for mines, 
trades, industry, and transportation. Some of 
the seven-year graduates, selected by competi- 
tive examination, enter the technicum for four 
years of subprofessional training. The tech- 
nicum program helps provide those ten tech- 
nicians the Russians have for every one of ours. 

About one-third of the students in the 14-17 
age group go on for three years of professional 
training. The bulk of those who obtain higher 
education are drawn from this ten-year pro- 
gram. Practically speaking, the ten-year school 
is the only school of general education in the 
Soviet Union. Consequently, its organization 
and curriculum are studied in great detail. Since 
all curricula and syllabi are developed by the 
ministry of Education and presented to the 
teacher with detailed instructions, some conclu- 
sions can be made. About 82% of the student’s 
time is devoted to academic studies: 48% to the 
humanities and the remaining 34% almost 
equally divided between mathematics and the 
sciences. “Every boy and girl... who com- 
pletes the 10 year course . . . has had, roughly, 
4.4 high school years of mathematics and 5.9 
high school years of science.’”’ All these ten- 
year graduates have taken work in the sciences 
at a level not reached by many of our students. 
However, with his characteristic objectivity, 
Korol points out that the “‘sharp contrast be- 
tween the Soviet ten-year school curriculum 
and the American high school curricula reflects 
the general difference between European and 
American education rather than a feature 
unique to the Soviet Union.” 

The mathematics curriculum of the ten-year 
school does not include calculus, but does de- 
velop the notions of limit and derivative along 
with the algebra, geometry, and trigonometry. 
One of the appendices to this book contains an 
analysis of the ten-year school final in algebra 
Some topics—inequalities, equations of degree 
greater than two, logarithmic and exponential 
functions—occur which, although they have 
been recommended, are not usually studied by 
our students in high school. There are however, 
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no indications of the more “modern” topics, 
such as set theory, symbolic logic, probability, 
and statistics. Another appendix, which should 
be of particular interest to high school teachers, 
contains problems from the Soviet Mathematic 
Olympics—local, regional, and national contests 
to stimulate interest in mathematics among sec- 
ondary students. 

The latter half of the study treats Soviet 
higher and graduate education. Sample cur- 
ricula in mechanical engineering and physics are 
analyzed. The mathematics curriculum for a 
student of a pedagogic institute is considered in 
detail. The prospective secondary teacher of 
mathematics takes almost as much, and, with 
the exception of a few advanced topics, the same 
mathematics as the major at the university. 
But the student’s enormous hour load and re- 
quired extra class activities lead the author to 
question the quality of the work done. In addi- 
tion to the graduates of the pedagogical insti- 
tute, the government provides teachers from 
among the graduates of the universities. No 
fewer than 60% of the graduates of the physics, 
mathematics, and chemistry faculties must be 
“directed” into secondary teaching, and all stu- 
dents at institutes of higher education partici- 
pate in extensive teaching practice. 

In an excellent final summary, the author re- 
minds us that the true Soviet threat is not edu- 
cation but rather the totalitarian state, with its 
power to allocate men and material to meet an 
immediate challenge or to focus its entire energy 
on a pressing problem. Now that we too have a 
satellite, it would be easy to relax, minimize the 
challenge, and ignore Korol’s admonition that 
“We... must find a way to release a larger 
share of our aggregate resources and energy from 
nonessential material uses and devote them to 
the service of indispensable goals” if we are to 
survive.—Augusta Schurrer, Lowa State Teachers 
College, Cedar Falls, Iowa. 


FILMSTRIPS 


“What Are Numbers?” ‘Reading and Writing 
Whole Numbers,” ‘‘ Addition and Subtraction, 
Part I,” “Addition and Subtraction, Part 
II,” “Multiplication and Division,” ‘“Solv- 
ing Problems,” Young America Films Inc., 
McGraw-Hill Text Films, 430 West 54th 
Street, New York 19, New York. Color. 


These filmstrips present an over-view of 
basic ideas involved in the fundamental opera- 
tions with number and some of the factors in the 
solution of problems in arithmetic. The first in 
the series is concerned with the cardinal and 
ordinal aspects of number and the important 
concepts of one-to-one correspondence between 
things and their number names. The second pre- 
sents the recognition and recording of symbols 
representing certain numbers of things. It also 
attempts to develop the idea of place value. 
Three of the strips are concerned with the four 
fundamental operations with numbers, and the 
last proposes an approach to the solution of 
problems in arithmetic. 


It is difficult to determine the grade level at 
which these films could successfully be used. Al- 
though the words appearing on most of the 
frames would not be in the reading vocabulary 
of primary pupils, the situations presented 
would not be interesting and challenging to stu- 
dents of a more advanced grade level. This 
would limit their use in remedial work with 
junior high school students. The films are at- 
tractively colored and should stimulate pupil in- 
terest, although some of the diagrams are com- 
plex enough to be confusing to elementary school 
pupils. 

In the strips concerned with addition and 
subtraction, one idea was developed which 
seemed to be mathematically unsound. An im- 
portant fact, that the statements 2+3=5 and 
3+2=5 are both true, was introduced. How- 
ever, in succeeding frames, the facts that 5—3 
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=2 and 5—2=3 are introduced as logical conse- 
quents of the preceding addition facts. Actually, 
the subtraction facts come from the knowledge 
of the groupings possible within the number five, 
rather than from the commutative property of 
addition. 

The final strip in the series proposes that 
nine elements be considered in the solution of 
problems in arithmetic. It would seem unrealis- 
tic to expect that elementary students remember 
nine elements each time they are to analyze a 
problem situation. 

These strips may serve the purpose of stim- 
ulating interest by a colorful presentation of 
arithmetic situations. However, a well-planned 
use of concrete materials in the classroom should 
do the job more effectively for most teachers.— 
Della McMahon, Iowa State Teachers College, 
Cedar Falls, Iowa. 


BOOKLETS 


Guide and Workbook for Basic Business Organi- 
zations and Stocks and Bonds. Peter Yacyk, 
Ridley Township High School, Folsom, 
Pennsylvania. 49-page booklet designed for 
use in mathematics, social studies, or busi- 
ness courses in the high school; $1.25 per 
copy. 

How to Study, McGraw-Hill Book Company, 
Inc., 330 West 42nd Street, New York 36, 
New York. 130-page illustrated booklet 
written by Clifford T. Morgan and James 
Deese; includes chapter dealing with mathe- 
matics; primarily for students beyond high 
school; available in bookstores; $1.50 for 
teachers. 

How to Study Mathematics, High Publishing 
Company, 3015 21st Street, Lubbock, Texas. 
20-page booklet written by E. Richard 
Heineman, suitable for high school or col- 
lege; 50¢ per copy, 40¢ per copy in lots of 10 
or more. 

Instructional Materials for Mathematics Classes, 
Materials Diffusion Project, College of Edu- 
cation, 317 P. K. Younge Building, Univer- 
sity of Florida, Gainesville, Florida. 32-page 
booklet listing materials and sources com- 
piled by Kenneth P. Kidd; 1 to 3 copies: 40¢ 
each, 4 to 9 copies: 35¢ each, 10 or more 
copies: 30¢ each. 

Offerings and Enrollments in Science and Mathe- 
matics in Public High Schools (Catalog No. 
FS 5.17:120), Superintendent of Documents, 


U.S. Government Printing Office, Washing 
ton 25, D. C. 44-page booklet prepared by 
Kenneth E. Brown, Ellsworth 8. Obourn, 
and Marguerite Kluttz dealing with enroll- 
ments during the fall of 1956; 25¢. 

Production of 2X2-Inch Slides for School Use, 
Visual Instruction Bureau, The University 
of Texas, Austin 12, Texas. 79-page il- 
lustrated booklet prepared by Joe Coltharp; 
$2.00 per copy, discount for quantity orders. 

Program Provisions for the Mathematically 
Gifted Student in the Secondary School, Na- 
tional Council of Teachers of Mathematics, 
1201 Sixteenth Street, N.W., Washington 6, 
D. C. 28-page booklet edited by E. P. Vance; 
75¢. 

Scientific Careers and Vocational Development 
Theory, Bureau of Publications, Teachers 
College, Columbia University, New York, 
New York. 135-page booklet written by 
Donald E. Super and Paul B. Bachrach sum- 
marizing research concerning characteristics 
of natural scientists, mathematicians, and 
engineers; $1.00. 

Survey of Attitudes of Scientists and Engineers in 
Government and Industry (Catalog No. Pr 
34.8:En 3), Superintendent of Documents, 
U. 8S. Government Printing Office, Washing- 
ton 25, D. C. 78-page illustrated booklet; 
50¢. 

Your Home Furnishings Dollar, Money Manage- 
ment Institute of Household Finance Cor- 
poration, Prudential Plaza, Chicago 1, Illi- 
nois. 36-page illustrated booklet; 10¢. 
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@ TESTING TIME 


Edited by Robert S. Fouch, Florida State University, and 
Robert Kalin, Florida State University, Tallahassee, Florida 


Making a test go further 


The claim has been made that a test can 
serve many grand educational purposes, 
such as: 


1. Diagnosing student errors; 

2. Evaluating instructional procedures; 

3. Measuring the attainment of instruc- 
tional objectives; 

4. Selecting and guiding students into ap- 
propriate courses or activities. 


Because almost every secondary school 
mathematics teacher appears to be bur- 
dened with many students, an excessive 
teaching load, and miscellaneous tasks, 
the probability looms large that one could 
easily fall into the trap of using a test for 
but a single purpose: the assignment of 
grades. Noble as this purpose may be, it 
falls far short of serving many other 
worth-while aims. 

Several easily mastered, standard test- 
ing-techniques are available, however, 
which may serve to push one into giving 
that additional thought seemingly re- 
quired to enlarge the scope of a test’s pur- 
poses. Among these techniques are those 
of frequency distribution and item analy- 
sis. Both have the advantage of taking 
little extra time; both can serve to investi- 
gate the inner workings of a test and class 
performance therewith. 

To illustrate, let’s investigate their 
operation in a teaching situation. (The 
events described actually occurred, with 
unimportant changes made to facilitate 
“statistical” and other discussion.) An 
average kind of ninth-grade general mathe- 
matics class, consisting of 27 students in 


by Robert Kalin 


a typical kind of school, was exposed to 
learning the rudiments of solving ele- 
mentary types of algebraic equations. 
After a three-day exposure, the students 
were given a short, surprise test. 

The class had had little, if any, previous 
training in any topic normally considered 
as within the province of algebra. The in- 
structional approach taken to this early 
algebraic topic was apparently similar to 
that advocated by many proponents of 
curriculum change—this despite the fact 
that the text being used was of a con- 
ventional variety. For example, the stu- 
dents were told that a collection of sym- 
bols of the form 


aob=c 


was to be regarded as a sentence, but one 
which could not be labeled as “true” or 
‘false’. 

(Actually, the students had not specifi- 
cally considered this particular aggregate 
of symbols. Rather they were led toward a 
generalization of this sort by simultane- 
ously considering such sentences as: 


z+2=6, y-—2=6, 2q=6, 


8 
—=6. 
2 


The sentences were restricted to equalities 
during the three days before the test, but 
only because the teacher reasoned that 
generalizing the operation provided suffi- 
cient concept difficulty for such students 
in this span of time. He planned, however, 
to develop inequalities soon thereafter.) 
The term “variable” had been neither 
mentioned nor defined during this explora- 
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tory period, but the concept of variable 
had been developed in terms of an analogy 
to pronouns in English sentences.! For 
example, the students were led to reason 
that in the sentence, 


He is the president of the student council. 


one could not say that the sentence was 
“true” or “false” until the ‘He’ was re- 
placed by the name of some student. 
Hence in 


2.1+2=6} 


one could not term this sentence “true” or 
“false” until the ‘z’ was replaced by the 
name of some number. 

Two additional comments concerning 
the teaching situation are necessary before 
we look at the short test. First, the stu- 
dents were never given a rule whereby to 
seek the replacement(s), if any, that would 
afford the opportunity to say “true” or 
‘false’. That is, the teacher mentioned no 
such commonly used technique as “‘trans- 
position” or “equality axiom”. All solu- 
tions were obtained by meaningful guess- 
ing and checking, except as certain stu- 
dents may have been led by intuition to 
formulate, without verbalizing, some rules. 

Second, equations found in the textbook 
were supplemented by others such as: 


z=2+1, 2+2=2+2, 24w=12.25. 
ts 


Thus students were aware that some 
sentences were true for perhaps no, some- 
times many, or even all replacements of 
the variable by the names of numbers 
from a given set; furthermore the students 
were urged to be aware that the set could 
include all the nonnegative rationals. 

Now for the short, surprise test.? It 
consisted of these items with this set of 
instructions: 


1 The author first noted this analogy in the mate- 
rials being developed by the UICSM group at the 
University of Illinois. 

2 Space, time, and purpose do not permit a discus- 
sion in this article of the all-important matter of test 
objectives. 


In each case, find all replacements, if 
any, for “z’ which make the resulting 
sentence true. 


1. 2+3=12 . 122=122 


2. 


3. 


While correcting this test on the basis 
of one point for each correct answer, the 
teacher was initially pleased on the vague 
basis that many students seemed to have 
done well. Even the act of recording 
scores or grades* could probably not have 
led to a more refined opinion. Further- 
more, the teacher had at this point little 
idea as to which errors had occurred most 
frequently. 

It would have been easy to have let the 
matter drop there by merely assigning 
grades. But the habit of always taking 
time to do a frequency distribution and 
item analysis led this teacher to certain 
important discoveries—even in the case 
of such a short test. 


A FREQUENCY DISTRIBUTION 


A simple tally of scores turned out as 
shown at the top of the next. column. 

This tally reveals why the teacher was 
initially pleased: § of this class performed 
correctly 75% or more times on this short 
algebra test—a fact that might well warm 
the heart and raise the hopes of many a 
general mathematics teacher! But, study- 
ing this frequency distribution enabled the 
teacher to ponder further. He was led to 
note that six students experienced con- 
siderable difficulty. What kinds of instruc- 
tion might these low-scoring students 
need? 


* Discussion must again be limited, leaving out two 
processes that require careful thought—scoring and 
grading. 
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z 15 
4 4 : 
4z=12 9. 2Xz=16 
| - 10. 122=32 
2 
5. 32=12 11. 342=12.5 
} 


No o> 


No. RIGHT 
STUDENTS 


Tora 


The question next arose as to what 
might be done to improve the perform- 
ance of even those who got 9 or 10 right. 
What kinds of errors had they made? Was 
it possible that something said in class had 
led them astray or was this the best one 
might expect? And while recording scores 
in a grade book, the teacher was led to 
consider each student’s score relative to 
group performance on this test as well as 
his previous achievement and suspected 
ability. Also, subsequently presenting this 
distribution of scores to the class helped 
this teacher guide students into thinking 
and questioning along analogous lines. 

To generalize, a frequency distribution 
enables a teacher to: 

1. grasp the performance of the class as a 
whole; 

2. derive generalizations as to class per- 
formance; 

form a basis for interpreting scores of 

the individuals; 

. give students a more specific basis for 
evaluating themselves relative to the 
class; ete. 

Of course, time permitting, one could 
seize the opportunity, easily afforded by 
such a tally, to compute two measures 


that would be further useful: arithmetic 
mean (or median) and standard devi- 
ation. 


AN ITEM ANALYSIS 


But final answers to some questions 
raised via the frequency distribution re- 
quires the assistance of an item analysis. 

There are many ways of doing an item 
analysis. Organizations engaged in full- 
fledged testing, such as the U.S. Naval 
Examining Center, USAFI, the 
Educational Testing Service, have refined 
methods that result in indexes of diffi- 
culty and discrimination. But rougher pro- 
cedures, such as the following, seem suffi- 
cient for classroom use; each teacher may 
well choose his own technique, adapting it 
as need suggests. 

In an item analysis, the teacher com- 
pares the performance of two contrasting 
student groups by tallying how many in 
each group answered each question right 
and each one wrong. This kind of informa- 
tion can at least thus be obtained: 

1. identification of the most frequent stu- 
dent errors; 

2. contribution of each question toward 
constructing a valid and reliable test; 

3. specification of needed instructional 
changes or emphases. 

Two initial decisions must be made. 
Should the whole class or merely a sample 
thereof be used? At what test scores 
(other criteria may be used‘) should the 
class be split into a high and a low group? 

The teacher in this particular class chose 
to study the whole class; with such a small 
number of students there seemed no rea- 
son for sampling. He also selected as the 
high group those scoring 9 or above, the 
low those scoring 8 or below. This seemed 
the most interesting cutting point in terms 
of this score distribution, even though it 
made the calculation of per cents slightly 


4 The reader’s thought is directed to the possibility 
of using other criteria in some situations: previous 
achievement, teacher’s judgment of student ability, 
1.Q. or other psychological score. 
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more difficult. (In some situations, one 2. Items 11 and 12 indicate a necessity to 
might prefer to take all students with the re-examine skill with and understand- 
cutting score at the median; in other ing of decimal fractions by some stu- 
cases, a sample from the top and bottom dents. 
} to 4 of the distribution. But personal . Item 8 indicates some students are 
choice in individual situations may be the using rote rules where intuition would 
best rule, with practice making choice serve better. 
perfect us the process is reused.) 4. Item 9 indicates some students do not 
The results of this analysis, for particu- understand square root. 
lar items, were as follows: Thus, by spending an extra half-hour 
with these techniques, this teacher should 
| Waoxo Wnoxe be able to direct individual students, and 
rr —————- jn some cases the entire class, into several 
hours of well-aimed instruction—instruc- 
tion that should have a payoff in better 
skill, understanding, and attitudes on the 
part of all concerned. Without an item 
Studying this information, plus refer- analysis and frequency distribution, it 
ring to test papers as required, led this _ is hard to see how this teacher could have 
teacher to these conclusions: efficiently evaluated his instruction, evalu- 
1. Items 4 and 10 indicate incomplete ated individual or group performance, 
understanding of the number 0 by — diagnosed student errors, or adjusted his 
almoyt the entire class. future instruction. Time well spent? 


“There seems to be a great danger in the 
prevailing overemphasis on the deductive-pos- 
tulational character of mathematics. True, the 
element of constructive invention, of directing 
and motivating intuition, is apt to elude a 
simple philosophical formulation; but it re- 
mains the core of any mathematical achieve- 
ment, even in the most abstract fields. If the 
crystallized deductive form is the goal, intuition 
and construction are at least the driving forces. 
A serious threat to the very life of science is 
implied in the assertion that mathematics is 
nothing but a system of conclusions drawn from 
definitions and postulates that must be consist- 
ent but otherwise may be created by the free 
will of the mathematician. If this description 
were accurate, mathematics could not attract 
any intelligent person. It would be a game with 
definitions, rules, and syllogisms, without mo- 
tive or goal. The notion that the intellect can 
create meaningful postulational systems at its 
whim is a deceptive half-truth. Only under the 
discipline of responsibility to the organic whole, 
only guided by intrinsic necessity, can the free 
mind achieve results of scientific value.”— 
Taken from What Is Mathematics? by Richard 
Courant and Herbert Robbins, page xvii 
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@ TIPS FOR BEGINNERS 


Edited by Joseph N. Payne, University of Michigan, Ann Arbor, Michigan, 
and William C. Lowry, University of Virginia, Charlottesville, Virginia 


An eighth-grade unit on number systems 


by Carolyn J. Ingham and Joseph N. Payne, University School, Ann Arbor, Michigan 


It is a continuing aim of mathematics 
instruction to develop an appreciation for 
and an understanding of our number sys- 
tem. Students come into junior high 
school mathematics with a correct but 
somewhat incomplete conception of place 
value, one feature of our system. They 
recognize that in the number 463, the 4 
represents the number of hundreds, 6 the 
number of tens, and 3 the number of ones. 
For the most part, pupils can name the 
value of each place in a number, including 
decimals. They can readily state the 
number of tens in a hundred. But some- 
how they do not have a full appreciation 
of the “tenness”’ of our system and how the 
system is structured. And as the junior 
high teacher tries to deepen and broaden 
this understanding, these pupils feel that 
they are learning nothing new. “After all, 
we’ve been working with this number sys- 


Epiroriau Nore: Because of heavy de- 
mands upon his time, Francis G. Lank- 
ford, Jr., has asked that someone replace 
him as co-editor of this department. This 
issue introduces the new co-editor, William 
C. Lowry, Assistant Professor of Educa- 
tion, University of Virginia. Articles and 
editorial correspondence may be addressed 
to either of the co-editors. While Mr. 
Lowry is welcomed, Mr. Lankford’s con- 
tributions will be missed. 


tem for quite a while, and we know all 
about it,”” some student will remark. 

To help students gain a deeper under- 
standing of our number system, we intro- 
duced a two-week unit at the beginning of 
the eighth grade on other number systems. 
We felt that a thorough look at another 
number system would give us the oppor- 
tunity for a meaningful relook at our own. 
We chose the beginning of the year be- 
cause we wanted the pupils to begin 
eighth grade with something different. We 
wanted to capitalize on their fresh eager- 
ness for school after summer vacation. 

As we planned the unit, these goals 
seemed most important to us: 


1. To help pupils grow in their under- 
standing of our own number system. 

a. To appreciate more fully place value 
as a characteristic of our number 
system. 

. To realize the arbitrariness of the 
base of 10 and as a result to empha- 
size the “tenness” of our system. 

. To appreciate more fully the addi- 
tive property of our system, i.e., 
463 =4 100+6 X10+3. 

. To help pupils realize, perhaps for the 
first time, that symbols for numbers 
are man-made and quite arbitrary. 

. To show an aspect of mathematics 
quite different from any the pupils had 
known before and to point out a practi- 
cal use of other number bases. 
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This article is a brief description of the 
day-by-day progress of the unit. More 
detailed explanations are given for the first 
day because the introduction is probably 
the most important and the most difficult 
part of a new topic. 


First day: To help pupils realize the 
arbitrariness of ‘ten’ as the base for our 
own system, we chose a different base—a 
“five” number system. We made our own 
symbols for the digits because we wanted 
the students to know that number sym- 
bols are somewhat arbitrary and man- 
made. During the first day, we counted to 
“twenty-five” in the new number system. 

As an introduction to the unit, various 
groups of objects were held in front of the 
class, and everyone wrote down the sym- 
bol in our own Base-10 system that 
represented the number of objects. When 
this was done, such questions as these 
were asked: ‘‘Why did you start repeating 
symbols after the number 9? Why are 10 
symbols used, and why not 9, 8, or 5?” 
The fact that our number system has a 
plan was brought to pupils’ attention. 

We next decided to forget about the 10 
symbols and the Base-10 system we all 
know and to choose our own base and 
make our own symbols. 

When articles were again held up, each 
student made his own symbols. We gen- 
eralized that: (1) many symbols can be 
used; (2) it is less cumbersome if the 
number of symbols is restricted; and (3) 
there needs to be agreement on the mean- 
ing of symbols in order that we can com- 
municate with each other. We arrived at 
the last generalization when partners at 
tables tried to read the number that the 
other had represented. 

Realizing there had to be agreement, 
we decided to work out a logical number 
system and to limit the number of sym- 
bols. If a base of 10 and the ten symbols 
are arbitrary, why not use 5 symbols in 
our new system? This was done, with the 
symbols 0, 1, Ff, WU, and W standing for 
0, 1, 2, 3, and 4, respectively, and being 


called the same names. The symbols 
0, 1, fF, W, and W were chosen because the 
number of segments in each indicates its 
value. A practical purpose for using com- 
pletely new symbols was to avoid the 
commonly encountered error of having 
pupils use “5” in the new system. The 
name selected to stand for this many ob- 
jects (X X X X X) was one “hand” and 
was represented by 10 (Base 5). The num- 
ber following WW was figured out as 
being 100, standing for 25 (Base 10) 
objects, and was called one “cosmo”. The 
remainder of the period was devoted to 
counting in the Base-5 system. 


Second day, We named the system the 
Penta-numerous system—chosen from 
names pupils suggested—did further 
counting and naming of symbols, changed 
from Base 5 to Base 10 (Example 1), and 
made the addition table for the new sys- 
tem (Table 1). 


Example 1. FAW (Base 5) =? (Base 10) 


T cosmos (25) = 50 
Whands (5) =15 
W units = 4 
69. 

Hence, FWW (Base 5) = 69 (Base 10). 


Solution: 


Third day. We did addition problems 
stressing positional notation and carrying 
(Example 2), and did subtraction (Ex- 
ample 3). This gave us an opportunity to 
make a re-examination of the process of 
borrowing and carrying. 
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MW 
1 1 W W410 
WW 10 11 
Wi W W 10 11 1F 
1011 1M 
Table 1 


In the new system we borrow ‘one 


hand”, we carry “hands’’, ‘‘cosmos’’, ete. 


Example 2. 


Example 3. 


Fourth day. Students supplied other 
names for our Base-5 system (Table 2). We 
made a chart of the place value of each 
column and showed the value of each col- 
umn as being a power of 5. More work was 
done on converting Base-5 numbers to Base 
10and then on converting Base-10 numbers 
to Base 5. (Example 4) 


Base 10 Base 5 


four 

one hand 

one hand four 
two hands 

four hands four 
one cosmo 


| 
| 
| 


0 
1 
r 
Ww 
10 
w 


© 


one mucho 

one hand-mucho 
one cosmo-mucho 
one astro 


888835: 


Table 2 


Example 4. 92 (Base 10) =? (Base 5) 


Solution: 


Hence, the solution is 332 (Base 5), or 


Fifth day. We made a multiplication 
table (Table 3) and multiplied with Base-5 
numbers (Example 5). The small number 
of multiplication facts was noticed in 
particular. But even with a multiplication 
table before them, most pupils preferred 
to think of the problem in a Base-10 sys- 
tem and then convert to Base 5. 


Example 5. 
xX 


Sixth day. A review was held and an un- 
announced quiz was given. 


Seventh day. We went over work need- 
ing reteaching and divided with Base-5 
numbers (Example 6). 


Example 6. 


Eighth day. Now that all the processes 
had been done with our new symbols, we 
changed to Hindu-Arabic symbols and 
worked exercises in addition, subtraction, 
multiplication, and division (Examples 7, 
8, 9, and 10). This proved to be fun, since 
44 plus 44 as being 143 looked wrong to 
the ordinary person who didn’t know 
about our Base-5 work. 


Example 7. 44 
+44 
143 
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rr. 
ww WW 
010 0 0 0 | 
ror wt 
W 1 IWIT 
wo W Wrrw 
Table 3 
NAME | 
one 
two 
three 
2% 
_wwiw 
wurwrew 
r 
r 
12: 
625 
3125 
15625 
| 
3 3 
25/92 5/17 
75 15 
17 5} 


Example 8. 


Example 9. 


— 
— 

wins 


Example 10. 


woe 


bo] 


Ninth day. We generalized about dif- 
ferent systems, changed from Bases 8, 7, 5, 
and 2 to Base 10 (Example 11), and 
changed from Base 10 to other bases 
(Example 12). In regard to Base 12, we 
discussed what made it different from 
other bases and noted the need for 12 
symbols. 


Example 11. 125 (Base 8) =? (Base 10) 
|X64=64 
2X 8=16 
5X 1= 5 
85 
Hence, 125 (Base 8) =85 (Base 10). 


Example 12. 95 (Base 10) =? (Base 8) 


1 3 
64/95 8/31 
64 24 
31 7 


Hence, 95 (Base 10) = 137 (Base 8). 


Tenth day. We did further work with 
other number bases, giving most attention 
to Base 2 because of its use in work on 
some electronic computers (Example 13), 


Example 13. 23 (Base 10) =? (Base 2) 


Hence, 23 (Base 10) = 10,111 (Base 2). 


Eleventh day. A test on the unit was 
given. In addition to problems like those 
throughout the article, we included ones 
like these: 

1. Write the date for Christmas in Base 10, Base 
5, Base 8, Base 2. 

2. George earned $110,001 on his paper route 
but this was a Base 2 number. To the or- 
dinary people of the Base 10 world, how 
much money did he earn? 

3. Write the number of inches in a yard in 
Base 10, Base 5, Base 8, Base 2. 

. (Optional) Change 3642 (Base 7) to Base 4. 
. (Optional) Change 3756 (Base 8) to Base 2 

without going through Base 10. 

As we examined the results of the unit, 
we reached the following conclusions: 

1. We felt that this unit on other number 
bases helped pupils gain additional in- 
sight into our own number system. 
Every day we drew analogies from our 
own Base-10 system as we faced prob- 
lems with the new system. Frequently 
students showed real surprise at a new 
insight into our own system. 

2. There was little doubt that pupils be- 
came fully aware of the arbitrariness of 
our Base-10 system and that they had 
a richer appreciation for the pattern, 
structure, and “tenness” of our own 
system. 


3. The less able pupils seemed to profit 


less from the unit than the more able 
pupils, although they appeared to be 
interested. 

4. The students were proud of the fact 
that they knew something that others 
did not know. They seemed pleased to 
take problems home that their parents 
couldn’t work. 

5. Other students in the school were in- 
terested in this “strange’”’ mathematics 
class. As a result, there, was a brief 
article in the school newspaper about 
the unit. 

). For the first day or two after the unit 
was completed, pupils sometimes 
stopped and asked themselves ques- 
tions such as, ‘“‘What is 4X3—is it 12 
or 22?” This reaction did not last long, 
and we felt that no damage had been 
done to their skills in arithmetic. 
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NCTM 


THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


Eighteenth Annual Summer Meeting 
Colorado State College, Greeley, Colorado 


August 18-20, 1958 


General meetings of the Council will be 
held in the lovely Garden Theater of 
Colorado State College. There will be out- 
standing speakers, such as Dr. E. T. 
Welmers, Chief of Dynamics, Bell Aircraft, 
who will discuss “Backgrounds for Ex- 
ploration—Mathematical Demands of the 
Future.” Izaak Wirszup, Professor of 
Mathematics, University of Chicago, will 
talk about “Soviet Secondary School 
Mathematics, Its Teaching and Its Teach- 
ers.” Books will be on display, and the 
speaker will be available for conference 
after his address. ‘Recent Events and 


Their Impact on Mathematics Education” | 


will be brought to us from the Washington, 
D.C., office by Kenneth Brown, Office of 


Education. At the last general meeting, Lt. 
Col. J. C. Hempstead, United States Air 
Force Academy, will address the group on 
“Lines of Position and Space Navigation.” 

A complete program for elementary 
teachers will cover such topics as “New 
Trends in Teaching Arithmetic,” ‘The 
Child Gifted in Arithmetic,” “An Ex- 
change of Practical Ideas and Teaching 
Techniques,” “Foundations of Arithme- 
tic,” and “What Are We Doing in Our 
Schools to Improve Our Arithmetic Pro- 
gram?” 

Junior high school teachers will find 
something of interest at each session. 
Some of the topics will be “Developing 
Interest in Mathematics at the Junior 


Garden Theater, Colorado State College 
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High School Level,” “Beginning Concepts 
of Modern Mathematics and the Junior 
High School Program,” ‘An Exchange of 
Practical Ideas and ‘Teaching Tech- 
niques,” and a demonstration in teaching 
eighth-grade mathematics. 

“Let’s Talk About Our Problems” will 
be the theme for two sessions where junior 
and elementary teachers will have an 
opportunity to raise questions and dis- 
cuss problems. A question box at the 
registration desk will provide an oppor- 
tunity for getting important questions to 
the leader before the meeting. 

Senior high school and college teachers 
will find many topics of common interest, 
such as “Mathematics for the Talented,” 
“We Must Still Provide for the Less 
Able,” ‘‘Teacher Improvement Programs 
in Our Colleges—Their Activities in 1958 
and Their Future,” “Integration in Math- 
ematics,”’ and “The Work of the Com- 
mission in Mathematics on the College 
Entrance Board and Its Implication to 
High School.” 

Modern mathematics topics will be 
covered throughout the meeting. Each 
topic will have two sessions, one session 
dealing with the theory and the other with 
its application to the secondary school. 
There will be a discussion of experimenta- 
tion that is going on in the country. 
Teachers are urged to attend both sessions 
on a topic. Anyone wishing to attend only 
modern mathematics at this meeting will 
have such an opportunity, as a session 
will be provided at each of the scheduled 
periods. There will be no conflict of mod- 
ern mathematics topics. 

Laboratories of ideas for elementary, jun- 
ior high, and secondary teachersare planned 
where visual aids will be demonstrated and 
discussed. Directions for the construction 
of these visual aids will be given. 


Topics of general interest to all will be 
covered, such as “Trends in the Mathe- 
matics Curriculum,” ‘Problems in Tele- 
vision Instruction in Mathematics,” “Re- 
search in Mathematics and Its Implication 
to the Classroom Teacher,” and “Evalu- 
ation—Its Place in Mathematics Instruc- 
tion.” 

Latest mathematics films and filmstrips 
will be shown daily. Newest textbooks and 
teaching materials will be available for 
examination. There will be school exhibits 
of teaching aids, mathematical models, 
instruments, classroom materials, and stu- 
dent projects displayed from various 
schools throughout the country. 

Greeley’s lovely college campus at the 
foot of the Rocky Mountains offers many 
opportunities for recreation. Members are 
urged not to miss the all-day excursion 
trip through Rocky Mountain National 
Park, on Thursday, August 21. Other 
recreational opportunities are the golf 
course at Greeley Country Club open to 
visiting club members and visitors, the 
tennis courts, and the swimming pool. A 
banquet and a picnic have been planned 
during the meeting. The banquet address, 
“Three Dimensional Confidence,”’ will be 
given by Kenneth McFarland, Educa- 
tional Consultant and Lecturer for Gen- 
eral Motors. 

Here is an opportunity to combine a 
vacation trip to Colorado with a meeting 
that promises to bring you inspiration, 
new ideas, and the latest information re- 
garding the trends in mathematics educa- 
tion. If you have never attended a meeting 
of The National Council of Teachers of 
Mathematics, make this your first one. 
Don’t hesitate to come to the meeting 
alone. You will find a friendly group 
anxious and ready to welcome anyone 
attending the meeting of the National 
Council of Teachers of Mathematics. 


In each USAF aerial refueling operation, fuel 
can be transferred at 600 gallons per minute— 
enough to fill the gas tanks of 38 automobiles in 


60 seconds.—Planes. 
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Report of the Membership Committee 


Mary C. Rogers, Chairman, Membership Committee, 
Roosevelt Junior High School, Westfield, New Jersey 


The Membership Committee of The 
National Council of Teachers of Mathe- 
matics is happy to make this report to 
you and to congratulate you for your 
achievement in bringing about the great- 
est membership total in the history of the 
Council. 

We believe this record of achievement is 
one of which each of us should be justi- 
fiably proud. A very great deal of this suc- 
cess is due you, the current members of 
the Council. Your increasingly keen en- 
thusiasm and your direct assistance as 
individuals have been major contributing 
factors toward the very commendable 
membership growth evidenced in the 
factual data of this report. 

When Dr. Howard F. Fehr and the 
Board of Directors of the Council chal- 
lenged us to an ultimate 25,000 member- 
ship, I think many of us really wondered 
whether such a goal could be reached. We 
thought we were being quite optimistic in 
planning to reach that goal in five years. 
It now seems quite possible that it can be 
reached in three years or perhaps even less 
time. 

With current emphasis on the improve- 
ment of mathematics education at all 
levels, with the greatly enhanced interest 
of the general public in such improvement, 
with imminent changes in the content and 
point of view in keeping with modern 
mathematics, it naturally follows that the 
great majority of mathematics teachers are 
not only interested in—but feel the need 
for—closer co-operation with such out- 
standing educational agencies as The 
National Council of Teachers of Mathe- 
matics. 


Now—as never before—we have an ez- 
cellent opportunity to acquaint these teachers 
and their administrators with the fine 
services of the Council. This should result 
in greatly increased membership during 
the coming months. 


RecorD OF MEMBERSHIP GROWTH 


In studying the data relative to mem- 
bership growth, it might be well to review: 
the goals set up at the Annual Meeting in 
April 1957 at Philadelphia: 


17,000 
19,000 
21,000 
23 ,000 
25,000 


April 1957—April 1958 
April 1958—April 1959 
April 1959—April 1960 
April 1960—April 1961 
April 1961—April 1962 


You will be delighted to know that the 
membership had already reached a total of 
18,324 when the official count was made 
on February 1, 1958. This total is 108% 
of the suggested April 1, 1958 goal and 96% 
of the April 1,°1959 goal. It indicates a 
gain of 3,149 members since the official 
count of February 1, 1957. Perhaps we did 
not “raise our sights’”’ high enough at the 
Philadelphia meeting. 

Recent communications from M. H. 
Ahrendt, Executive Secretary at our 
Washington Office, state, “The growth 
and vitality of the Council are increas- 
ingly evident in our daily mail. . . . If his- 
tory repeats itself and this growth contin- 
ues throughout the remainder of the school 
year, we ought to reach a total of nearly 
20,000 by May 1, 1958.’ With your con- 
tinued support and assistance, we are 
confident that this high total will be 
reached as indicated. 
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The National Council of Teachers of Mathematics Analysis of Membership 
Growth, Members and Subscribers February 1957-February 1958 


February Goals and Per Cents 
February 1958 of Goals Reached 


Individuals Totals PerCents ’58~59 Per Cents 


Alabama 1438 131 174 9: 91% 215 81% 
Arizona. . 141 142 303 % 76 271% 
Arkansas. 133 117 j ¢ 85% 217 76% 
California 100 753 38% 996 139% 1,113 124% 
Colorado . 220 109% 228 98% 
Connecticut... 241 ; 306 2! 119% 289 106% 
Delaware. 62 i ¢ 99% ¢ 89% 
District of Columbia ; 191 206 95% 2 85% 
Florida. 348 357 j 3§ 117% 5 104% 
Georgia 163 20- y 97% 236 
Idaho... 18 2: 20 120% 3 104% 
Illinois... . 096 ,090 5 105% 

Indiana 520 484 ve j 94% 

Iowa. 281 335 101% 

Kansas... 308 101% 

Kentucky 109 : 39 103% 

Louisiana 249 236 3: 313 106% 

Maine... 68 : 113% 

Maryland. 273 2: 323 104% 

Massachusetts 414 37: 98% 

Michigan. . 603 56: 80: j 118% 

Minnesota 379 30: 5 96% 

Mississippi 106% 

Missouri . 338 37 91% 

Montana ¢ 137% 

Nebraska : : 5 84% 

Nevada. . 2: 167% 

New Hampshire. 9% 3 127% 

New Jersey. § 536 37 i 116% 

New Mexico 93% 

New York. 

North Carolina 

North Dakota 

Ohio. . 

Oklahoma 

Oregon 

Pennsylvania 

Rhode Island. 

South Carolina 

South Dakota. 

Tennessee... . 

Texas. 

Utah.. 

Vermont. 

Virginia 

Washington... 

West Virginia. 

Wisconsin. . 

Wyoming... 


Tora.s. 


Hawaii and other U.S. 
Canada... 
Foreign . . 


GRAND TOTALS. 13,207 18,324 17 ,000 


Report of the Membership Committee 


| 14,493 12,815 17,553 16,305 108% 18,288 96% 
Poss. . 83 58 89 83 107% 93 96% 
. 278 167 303 228 133% 255 119% 
‘3 321 167 379 384 99% 429 88% 
907% 


In preparing the accompanying analysis, 
we have indicated state goals originally 
planned for April 1958 and also similar 
goals planned for April 1959. We are re- 
porting specific achievements based on 
both of these goals. 

Based on the 17,000 goal originally 
planned for April 1, 1958, 60% of all states 
and territories had already reached their 
goals or gone beyond them when this re- 
port went to press on February 15, 1958. 
These states and territories are: 


303% 
175% 
167% 
139% 
137% 
133% 
130% 
127% 
127% 
124% 
122% 
120% 
120% 
119% 
118% 
117% 
116% 
114% 
113% 
112% 
110% 
109% 
107% 
106% 
106% 
105% 
104% 
103% 
101% 
101% 
101% 


Based on this same 17,000 goal, mem- 
bership achievement in 14 additional 
states and territories shows 85%-99% of 
established goals: 


. Arizona 

. Oregon 

. Nevada 

. California 

. Montana 

. Canada 

. Utah 

. New Hampshire 
. South Dakota 
. Wyoming 

. Washington 
. Idaho 

. Oklahoma 

. Connecticut 
. Michigan 

. Florida 

. New Jersey 

. Pennsylvania 
. Maine 

. New York 

. Texas 

. Colorado 

. Hawaii & U.S. Poss. 
. Louisiana 

. Mississippi 

. Illinois 

. Maryland 

. Kentucky 

. lowa 

. Kansas 

. Ohio 


99% 
99% 


. Delaware 
2. Foreign 
3. Massachusetts 98% 

. Virginia 98% 

. Georgia 97% 
5. Wisconsin 97% 

. Minnesota 96% 

. District of Columbia 95% 


. New Mexico 93% 
91% 
. Missouri 91% 
91% 
. Arkansas 85% 


. Alabama 


. Rhode Island 


1 
2 
3 
4 
5 
6 
8 
9. Indiana 94% 
10 
11 
12 
13 
14 


Membership in six additional states has 
remained relatively low as is shown by 
their per cent of achievement. Suggestions 
from present members and local leaders in 
these states with specific recommenda- 
tions as to better procedures and more 
effective assistance from the Membership 
Committee will be gratefully received. 


States AND TerRITORIES Havinc REACHED 
Tuerr Goats or Gone Beronp THEM 


(Based on April 1959 Goals) 


271% 
156% 
147% 
124% 
122% 
119% 
115% 
113% 
113% 
111% 
109% 
106 % 
106% 
106% 
104% 
104% 
104% 
102% 
101% 
100% 


. Arizona 
Oregon 
Nevada 
California 
Montana 
Canada 
Utah 
. New Hampshire 
. South Dakota 

. Wyoming 

. Washington 
2. Connecticut 
3. Michigan 

. Oklahoma 

. Florida 

. Idaho 

. New Jersey 

. Pennsylvania 
19. Maine 
20. New York 


SONS 


MemMBERSHIP ACHIEVEMENT 90%-99% 
(Based on April 1959 Goals) 


. Colorado 98% 
Texas 98% 
. Hawaii & U.S. Poss. 96% 
Louisiana 95% 
. Mississippi 95% 
Illinois 94% 
. Maryland 93% 
Kentucky 92% 
Kansas 91% 
Ohio 91% 
Iowa 90% 


MEMBERSHIP ACHIEVEMENT 85%-89% 
(Based on April 1959 Goals) 


. Delaware 89% 
. Foreign 88% 
Massachusetts 88% 
Virginia 88% 
Georgia 86% 
. Minnesota 86% 
. Wisconsin 86% 
. District of Columbia 85% 


LEADERS IN MEMBERSHIP TOTALS 
(Including Subscriptions) 
1. New York 1497 


2. Illinois 1415 
3. California 1383 
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1 | 

3 
11 
12 

13 
14 
15 
16 
17 
1g 
19 
20 
21 
23 
24 
25 
26 
27 
28 
29 
30 
31 


. Pennsylvania 1192 
. Ohio 849 
. Texas 833 
. Michigan 802 
. New Jersey 737 
. Indiana 575 
. Massachusetts 489 
. Florida 464 
. Wisconsin 460 
. Minnesota 438 
14. Virginia 396 
15. Foreign 379 


LEADERS IN MemMBERSHIP TOTALS 
(Not Including Subscriptions) 


1. New York 1133 
2. Illinois 1090 
3. Pennsylvania 901 
4. California 753 
5. Ohio 689 
6. Texas 586 
7. Michigan 563 
8. New Jersey 536 
9, Indiana 484 
10. Massachusetts 373 
11. Florida 357 
12. Wisconsin 323 
13. Virginia 310 
14. Minnesota 302 
15. Kansas 288 


LEADERS IN MEMBERSHIP GROWTH 
(Including Subscriptions) 


1. Illinois 319 
California 283 
New York 252 
Pennsylvania 219 
. Michigan 
New Jersey 
. Ohio 
. Florida 
. Texas 

. Oklahoma 

. Virginia 
2. Louisiana 

. Massachusetts 
4. Arizona 

. Connecticut 


CON 


GREATEST RELATIVE GROWTH 
(Since February 1957) 


. Wyoming 70% 
. Arizona 46% 
Oklahoma 36% 
Montana 35% 
. New Jersey 35% 
. Florida 33% 
Idaho 33% 
. Louisiana 33% 
. Michigan 33% 
. Kentucky 31% 
. Illinois 29% 
. Maine 29% 
. Rhode Island 28% 


. Connecticut 27% 
. Delaware 27% 
. Virginia 27% 


STATES AND TERRITORIES 
Continuous GRowTH 


(Since February 1957) 


Alabama 10. Missouri 
Arizona . Nebraska 
California . New Hampshire 
Delaware . North Dakota 
Iowa . Oklahoma 

. Kentucky . Texas 
Louisiana . Washington 

. Massachusetts . Wyoming 

. Michigan 


PON 


Future PLANS 


We suggest that future procedures 
should continue to follow closely those 
that have proved most effective in the 
past. 


1. We urge a continuance of the “Each- 
One-Win-One” technique by all pres- 
ent members of the Council. 

. Let us step up our publicity and pub- 
licity releases in keeping with the rapid 
strides being made toward the adop- 
tion of programs of modern mathemat- 
ics in our schools. Let us acquaint our 
teachers of mathematics with specific 
services of the National Council in this 
regard. 

a. We cannot emphasize too strongly 
the importance of National Council 
publications, THe 
TreacHEeR, The Arithmetic Teacher, 
The Mathematics Student Journal, 
the supplementary publications, the 
publications of results of research in 
mathematics education, and the 
yearbooks. Current and invaluable 
is the Twenty-third Yearbook, In- 
sights into Modern Mathematics. At- 
tention should be called to the fact 
that special prices are given to Coun- 
cil members on all Council year- 
books. 

. Equally valuable to teachers of 
mathematics will be the recommen- 
dations of the National Council 
Curriculum Committees. 
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14 
15 
16 
] 
1 
] 
4 
6 
8 
9 
10 
11 
12 
13 


c. National Council convention pro- 
grams provide a great deal of highly 
practical assistance to teachers of 
mathematics at all level of educa- 
tion. 


3. Your prompt renewal of membership 


greatly facilitates the keeping of records 
in the Washington Office and the prepa- 
ration of reports which are right up to 
the minute. 

. At this time particularly, you who are 
members of the mathematics staff in 
our state teachers colleges and other 
great schools of education can be of 
tremendous help in securing members 
for National Council. This applies to 
undergraduate students—potential jun- 
ior members of National Council—as 
well as to your many graduate students, 
most of whom are employed in the 
field of mathematics education or in the 
general education of the elementary 
school. Students qualify for junior 
membership throughout the four years 
of their undergraduate study, provided 
their status as students is endorsed each 
year with the NCTM Washington office 
and by a staff member of the institution 
which they attend. It should be noted 
here that “the student membership fee 
remains the same as now, with one 
journal available for $1.50 a year and 
both for $2.50.” 

. Directors and staff members at mathe- 
matics institutes—both summer and 
academic year—as well as leaders of 
work-study groups can also be of great 
assistance in publicizing National 
Council services and in obtaining 
memberships. 

. You who are supervisors and/or mathe- 
matics department chairmen are ob- 
taining increasingly fine results in your 
work with your teachers. We are count- 
ing on your continued help. 

. State and local associations of mathe- 
matics teachers, in co-operation with 


state representatives to the National 
Council, are performing an outstanding 
service to the Council. A very great deal 
of the strength of the Council is due to 
your loyalty and your enthusiastic 
support. A continuance of your fine 
work is vital to the success of Council 
services. 

. Library and other institutional sub- 
scriptions will continue to be included 
in preparing reports of membership 
growth. 

. We believe that each of you under- 
stands the necessity for increase in 
membership fees as explained by Mr. 
Ahrendt in his article in the February 
1958 issue of THe MATHEMATICS 
TeacHerR. We sincerely hope—and 
trust—that the Council will continue to 
receive the loyal support that has been 
increasingly manifest among its mem- 
bers and potential members, and that 
membership totals will continue to 
grow at an even greater rate than in the 
past. 

The Membership Committee extends to 
each of you its sincere thanks for your 
outstanding co-operation and helpfulness. 
Please accept our best wishes for your 
greatest professional success at all times. 


MILpRED KEIFFER 
Bess Parton 
JANET HEIGHT 
Harowp J. Hunt 
FaitH NOvVINGER 
PEARL Bonp 
Mary Lee Foster 
FLORENCE INGHAM 
Marian C. CLIFFE 
Mary Reep 


M. H. and 
E.izaABETH ROUDEBUSCH, 
Ex Officio members 


Mary C. Rogers, Chairman 
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Officers of the NCTM Affiliated Groups 


Elizabeth Roudebush, General Chairman, A filiated Groups Committee, 


The National Council of Teachers of 
Mathematics furnishes leadership in math- 
ematics education in the United States of 
America and Canada. The membership of 
more than 15,000 comes from all parts of 
the two countries, from large cities, small 
towns, and rural communities. The publi- 
cations of NCTM give help and inspira- 
tion to every member. 

Local organized groups of mathematics 
teachers are filling other needs for mathe- 
matics teachers throughout the country. 
Some of these groups are affiliated with 
NCTM. In fact, there are sixty-six affili- 
ated groups scattered in forty-two states, 
the District of Columbia, and Ontario, 


ALABAMA 


Mathematics Department of Alabama Education 
Association 
Pres.—Katherine Mickle, Roanoke 
V. Pres.—Julian D. Mancill, University of 
Alabama, University 
Secy.-Treas.—Aileen Pope, Wilsonville 


ARIZONA* 


Arizona Mathematics Association 
Pres.—E. L. Meyers, 3101 E. Mariposa, 
Phoenix 
V. Pres.—Jaren Tolman, 262 S. Spencer, 
Mesa 
Secy.-Treas.— Margaret Doyle, 
16th Ave:, Phoenix 


4733 N. 


ARKANSAS 


Arkansas Council of Teachers of Mathematics 
Pres.—Christine Poindexter, Central High 
School, Little Rock 


* Annual Report not received, so list of officers may 
not be correct. 


Seattle Public Schools, Seattle, Washington 


Canada. Last year the total membership 
in the Affiliated Groups exceeded 13,000. 
Three new groups have affiliated with 
NCTM within the past year. They are: 
Cheyenne (Wyoming) Teachers of Mathe- 
matics, Association of Arlington County 
(Virginia) Teachers of .Mathematics, and 
Washington State Mathematics Council. 

Each affiliated group develops a pro- 
gram of meetings that will meet the needs 
of the members and can function in the 
particular geographic location of the group. 
The officers of an affiliated group are very 
important to the group. Upon their plans 
and work depends the success of the 
organization. 


V. Pres.—Ruth Owens, Pulaski Junior High 
School, Little Rock 

V. Pres.—Ruth Guthrie, Henderson State 
Teachers College, Arkadelphia 

VY. Pres.—Tobbie Mae Moore 

Secy.—Mrs. O. D. LaWless 

Treas.— Mary Sue Dubase 


CALIFORNIA 


California Mathematics Council 

Pres.— Marian Cliffe, 1457 Winchester Ave., 
Glendale 1 

V. Pres.—John D. Hancock, Capuchino 
High School, San Bruno 

Secy.—Sister Madeleine Rose, 4660 Har- 
bord Dr., Oakland 

Treas.—Barbara L. Dodge, 18230 Kittridge 
St., Reseda 


COLORADO 
Colorado Council of Teachers of Mathematics 
Pres.—Ruth Hoffmann, 225 South Williams, 
Denver 
V. Pres.—William Briggs, 1839 Mariposa, 
Boulder 
Secy.—Ruby McKenna, 207} F. St., Salida 
Treas.—Walter C. Butler, Colorado State 
University, Ft. Collins 
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Editors—E. J. MacKenzie, 1962 8. Wolcott 
St., Denver; Muriel Mills, 1360 Bellaire, 
Denver 20 


DELAWARE 


Delaware Council of Teachers of Mathematics 
Pres.—Charles Maclay, Seaford High 
School, Seaford 
V. Pres.—John Kinnekin, 
School, Milford 
Secy.-Treas.—C. Max 
High School, Seaford 


Milford High 


Milliken, Seaford 


DISTRICT OF COLUMBIA 


District of Columbia Teachers of Mathematics 

Pres.—Jane M. Hill, 3051 Harrison St., 
N.W., Washington 15 

V. Pres.—Mrs. Mildred Schirrmacher, 1635 
Primers Rd., N.W., Washington 12 

Secy.—Bernadine Jones, 1602 Cary Lane, 
Silver Spring, Maryland 

Treas.— Mrs. Geraldine Wharry, National 
Cathedral School for Girls, Mt. St. Al- 
bans, Washington 


Benjamin Banneker Mathematics Club 

Pres.—E. F. Mitchell, 5905 2nd St., N.W., 
Washington 11 

V. Pres.— Mrs. Estelle Dunlap, 719 Shepherd 
St., N.W., Washington 11 

Secy.—Sallie R. Tilford, 4845 Kansas Ave., 
Washington 11 

Treas.— Mrs. Georgie 8. Johnson, 1918 17th 
St. N.W., Washington 


FLORIDA 


Florida Council of Teachers of Mathematics 

Pres.—J. Richard Sewall, 1017 Aloma Ave., 
Winter Park 

V. Pres.—Johnathan Gillingham, 3071 Lime 
Court, Coconut Grove 33 

Secy.—Mrs. Mary Stebbins, 1806 Palmer 
Ave., Winter Park 

Treas.—Mrs. Zola Epting, Hilliard High 
School, Hilliard 

Editor—Louis M. Edwards, 2008 E. Robin- 
son, Orlando 


Dade County Council of Teachers of Mathematics 

Pres.—Nicholas H. Borota, 9050 N.E. 8th 
Ave., Miami Shores 

V. Pres.— Michael Kambour, 2240 8.W. 80th 
St., Miami 

Rec. Secy.—Mrs. Ester Bierer, 328 Cadima 
Ave., Coral Gables 

Cor. Secy.— Mary G. Wensley, 328 Majorca 
Ave., Coral Gables 

Treas.—Robert Gallagher, 28 Zamora Ave., 
Coral Gables 

Librarian—Ernest Burges, 64 W. 59th St., 
Hialeah 


Hillsborough County Mathematics Council 
Pres.—Gladys Bonner, 518 E. Frierson, Apt. 
1, Tampa 3 


V. Pres.—Carroll Fogal, 1704 Overpar Ave., 
Tampa 4 

V. Pres.—Edward I. Howell, 12006 Midlake 
Dr., Tampa 4 

Rec. Secy.— Mrs. Lilly Moore, 4415 Mullen, 
Tampa 9 

Cor. Secy.—Mrs. Julia Greenwood, 210 8. 
Newport, Tampa 6 

Treas.—D. C. Barnes, 4211 Lemon St., 
Tampa 9 


Pinellas County Council of Teachers of Mathe- 
matics 


Pres.—Mrs. William H. Andrews, Jr., 4740 
Ist Ave. N., St. Petersburg 

V. Pres.—Wade Hawkinson, 1809 60th St. 
St. Petersburg 

Secy.—Mrs. Marie Hill, 1746 Hunt Lane, 
Clearwater 

Treas—K. Upton Manzur, 10 Pinehurst 
Ave., Largo 


GEORGIA 
Georgia Council of Teachers of Mathematics 


Pres.—Elizabeth Parker, West Georgia Col- 
lege, Carrollton 

V. Pres.—Amabel 
Ave., Augusta 

V. Pres.—Susie Underwood, Rome High 
School, Rome 

Secy.—Mrs. G. L. Wynn, Jeff Davis High, 
Hazelhurst 

Treas.—-Mrs. Arnold Binns, Troup County 
High School, LaGrange 


Lansdell, 1405 Glenn 


ILLINOIS 
Illinois Council of Teachers of Mathematics 


Pres.—Donna M. Holroyd, 1600 28th St., 
Rock Island 

Pres.-Elect—LeRoy Sachs, Cahokia-Com- 
monfields High School, Range and Je- 
rome Lane, East St. Louis 

. Pres.—(High School) Mary Lou Fisher, 
Joliet Township High School and Junior 
College, Joliet 

’, Pres.—(College) J. B. Henderson, College 
of Education, University of Illinois, Ur- 
bana 

V. Pres.—(Jr. High) Earl W. Carr, West 
Junior High School, Alton 

Rec. Secy.-—-Georgia F. Lattin, Denkmann 
School, Rock Island 

Secy.-Treas.—Florence Alston, Benjamin 
Franklin Junior High School, Champaign 


Yhicago Elementary Teachers’ Mathematics Club 


Pres.—Genevieve E. Johnson, Volta, 4950 
North Avers Ave., Chicago 25 

V. Pres.—Ramona Goldblatt, Burley, 1630 
W. Barry Ave., Chicago 13 

Secy.—Lydia Schmidt, Orr School, 1040 N. 
Keeler 
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Treas.—Margaret McCollum, Addams, 
10810 8. Ave. H., Chicago 17 
Publicity—Jantena E. Jenson, Van Vlis- 


singen School, 137 W. 108th PI. 


Men’s Mathematics Club of Chicago and Metro- 
politan Area 
Pres.—L. E. Dulgar, Thornton High School, 
Harvey 
Secy.-Treas.—H. 
School, Cicero 
Rec. Secy.—I. K. Feinstein, University of 
Illinois, Navy Pier, Chicago 


Sistler, Morton High 


Women’s Mathematics Club of Chicago and Vi- 
cinity 
Pres.— Maude Bryan, Austin High School, 
231 N. Pine Ave., Chicago 44 
V. Pres.—Florence Miller, Wright Junior 
College, 3400 N. Austin Ave., Chicago 34 
Seecy.—Delphine Lepecki, Glenbrook High 
School, Northbrook 
Treas.—Lucille Hubbard, Senn High School, 
5900 N. Glenwood, Chicago 40 


INDIANA 


Indiana Council of Teachers of Mathematics 

Pres.—Everett Smith, 1115 South Lindwood 
Ave., Evansville 

V. Pres.—Mrs. Eleanor Guyer, Southport 
High School, Southport 

V. Pres.—Leslie Felling, 1900 N. 20th St., 
Terre Haute 

Secy.—Harry Campbell, 2069 Blvd. Place 
No. 12, Indianapolis. 

Treas.—Lee Dixon, 1300 Kingston Rd., 
Kokomo 


Gary Council of Teachers of Mathematics 

Pres.—Orpha Davison, 2030 W. Fifth Ave., 
Gary 

V. Pres.—Helen Rzepka, 708 W. 49th Ave., 
Gary 

Secy.—Olive Leskow, 234 W. 49th Ave., 
Gary 

Treas.—Robert G. Brown, 1324 Ellsworth 
St., Gary 


1OWA 


Iowa Association of Mathematics Teachers 
Pres.— Dale Jungst, 1344 Salinger Ave., Car- 
roll 
Secy.-Treas.—Marion Cornwall, 
Church St., Marshalltown 
Editor—Margaret Molison, 
High School, Williamsburg 


912 W. 


Williamsburg 


KANSAS 
Kansas Association of Teachers of Mathematics 
Pres.—Charles E. Pine, 1102 Alexander, 
Winfield 
V. Pres.—Asel W. Harder, 306 W. Ist, Ellin- 
wood 
Secy.-Treas.—Gertrude Welch, 5332 Rose- 
wood Dr., Mission 


Editor—Gilbert Ulmer, 1836 Vermont, 
Lawrence 


Wichita Mathematics Association 


Pres._-Celia Canine, 1525 N. Waco, 
Wichita 4 

V. Pres.—Ted W. Johnson, 2339 N. Chau- 
tauqua, Wichita 14 

Secy.—Zelma Beatty, 1701 George Washing- 
ton Dr., Wichita 16 

Treas.—George W. Shepherd, 1800 Wood- 


land, Wichita 3 


KENTUCKY* 


Kentucky Council of Mathematics Teachers 


Pres.—Edna Housholder, 1506 8. Fourth, 
Louisville 

Secy.-Treas.—-Riley Lassiter, Eastern High 
School, Middletown 


LOUISIANA 


Louisiana-Mississippi Branch of the National 
Council of Teachers of Mathematics 
Chm.—Mrs. Ben F. Pillow, 2220 Tulip, 
Baton Rouge, Louisiana 
V. Chm.—R. L. Winstead, Gulfport High 
School, Gulfport, Mississippi 
Secy.—-Miss Gertrude Creaghan, Hoo Shoo 
Too Rd., Baton Rouge, Louisiana 
Recorder—R. C. Brown, Southeastern 
Louisiana College, Hammond, Louisiana 


MARYLAND 


Mathematics Section of the Maryland State Teach- 
ers Association 


Pres.—Alfred E. Cully, Forest Park High 
School, Chatham Rd. and Eldorado Ave., 
Baltimore 7 

V. Pres.—W. Edwin Freeney, Catonsville 
High School, Rolling Rd. and Blooms- 
bury Rd., Catonsville 28 

Secy.— Mrs. Jeannette Pomeroy, North Dor- 
chester High School, Hurlock 

Treas.— Margaret Walters, Catonsville High 
School, Rolling Rd. and Bloomsbury 
Rd., Catonsville 28 

Cor. Secy.—Frank J. Hardman, Forest Park 
High School, Chatham Rd. and Eldorado 
Ave., Baltimore 7 

Editor—Mrs. Helen Cooper, North Bethes- 
da Junior High School, Johnson and 
Ewing Sts., Bethesda 14 


Mathematics Teachers of Prince George’s County 


Pres.—-Gordon A. Patterson, 2544 34th S.E., 
Washington 20, D.C. 

V. Pres.—Mrs. Thelma Garrett, 120 C St., 
N.E., Washington, D.C. 

Secy.-Treas.—Mrs. Delorise C. Dougans, 
1909 Constitution Ave., N.E., #2, Wash- 
ington, D.C. 
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MICHIGAN 


Michigan Council of Teachers of Mathematics 

Pres.—Murel Kilpatrick, 114 N. Hamilton, 
Ypsilanti 

V. Pres.—Isobel Blyth, 205 Oxford Rd., East 
Lansing 

Secy.—Carolyn Ingham, 500 E. William, 
Ann Arbor 

Treas.— Walter Goodwin, 1408 Miller, Ann 
Arbor 


Detroit Council of Mathematics Teachers 


Pres.—Harold Davis, 15340 Oak Park Blvd., 
Oak Park 37 

V. Pres.—Samuel Kaner, 17397 Santa Rosa, 
Detroit 21 

Secy—Mary Walton, 
Detroit 23 

Treas.— Marilyn Hamilton, 7530 Palmetto, 
Detroit 34 


15890 Kentfield, 


MINNESOTA 


Minnesota Council of Teachers of Mathematics 

Pres.—James Mikkelson, 1731 Simpson, St. 
Paul 13 

V. Pres.—Roger Thompson, St. Louis Park 
High School, Minneapolis 

Secy.—Ray Stumvoll, Crosby 

Treas.—Joseph J. Biersteker, Mankato High 
School, Mankato 


MISSOURI 


Missouri Council of Teachers of Mathematics 
Pres.—Elizabeth Wells, 2409 E. 69th Ter- 
race, Kansas City 30 
V. Pres.—J. B. Johnson, University of Kan- 
sas City, Kansas City 
Secy.-Treas.—E. W. Kenyon, 7713 Oak, 
Kansas City 


NEBRASKA* 


Nebraska Section-National Council of Teachers of 
Mathematics 
Pres.—Richard Kosch, Westside Commu- 
nity High School, Omaha 
V. Pres—John Bryan, 2922 Izard 
Omaha 
Secy.—Alfreda Smith, Madison 
Treas.—Frances Buell, 1234 K, Apt. C-6, 
Lincoln 


NEW ENGLAND STATES 


The Association of Teachers of Mathematics in 
New England 
Pres.—Henry W. Syer, Boston University, 
Boston 
V. Pres.—Isabelle Savides, Meadowbrook 
Junior High School, Newton, Mass. 
Secy.—Barbara B. Betts, D. C. Heath & 
Company, Boston 


Treas.—Janet Height, Wakefield High 
School, Wakefield, Mass. 
Editor—Geraldine D. Smith, 92 Scotland 


Rd., Reading, Mass. 


Southern New England Mathematics Associa- 
tion 
Pres.—G. Roger Hinman, Lenox School, 
Lenox, Mass. 
V. Pres.—William W. Shirk, Choate School, 
Wallingford, Conn. 
Secy.-Treas.—William Bailey, Westminster 
School, Simsbury, Conn. 


NEW JERSEY 


Association of Mathematics Teachers of New Jer- 
sey 


Pres.—Lina Walter, State Teachers College, 
Paterson 

Pres.-Elect—Max A. Sobel, State Teachers 
College, Montclair 

V. Pres.—George McMeen, State Teachers 
College, Newark 

V. Pres.—Sister Columbia, 
School, Atlantic City 

V. Pres.—Gail B. Koplin, A. L. Johnson 
Regional High School, Clark 

Secy.-Treas.—Mary C. Rogers, Roosevelt 
Junior High School, Westfield 

Asst. Secy.-Treas.—Dama Hill, Westfield 
High School, Westfield 

Cor. Secy.— Mary F. Baeurle, Central High 
School, Paterson 

Rec. Secy.—Janet Dunning, Ramapo Re- 
gional High School, Franklin Lakes 

Editor—Madeline D. Messner, Abraham 
Clark High School, Roselle 

Business Mgr.—Frances Gooen, 
Evening High School, Newark 


Holy Spirit 


Central 


NEW MEXICO 


Mathematics Section of the New Mexico Education 
Association 


Pres.—John Cissne, Carlsbad 
V. Pres.—Henry Campbell, Alamagordo 
Secy.-Treas.—James Meader, Los Alamos 


NEW YORK 


Association of Mathematics Teachers of New York 
State 


Pres.—Martha Neighbour, 
School, Ithaca 

V. Pres.—Florence Deci, Palmyra-Macedon 
Central School, Palmyra 

Cor. Secy.— Maude Lavier, 309 Jefferson St., 
Jamestown 

Rec. Secy.—Emily VanHorn, West Junior 
High School, Binghamton 

Treas.—Richard Elfers, McKee Voca- 
tional and Technical High School, Staten 
Island 1 


Ithaca High 
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Association of Teachers of Mathematics of New 
York City 
Pres.—Abraham 8. Kadish,* High School of 
Fashion Industries, 225 W. 24th St., New 
York 11 
V. Pres.—Selma M. Lawrence, Jamaica High 
School, 168 St. Gothie Dr., Jamaica 32 
V. Pres.—Reinhold N. Walter, High School 
of Aviation Trades, 220 East 63rd St., 
N.Y. 21 
. Pres.—Robert Sirlin,* Andries Hudde 
Junior High School, 2500 Nostrand Ave., 
Brooklyn 
Treas.—Cecile M. Cohen, Curtis High 
School, Hamilton Ave., Staten Island 
Rec. Secy.—Leona Freeman, Morris High 
School, Boston Rd. and 166th St., Bronx 
Cor. Secy.—Ruth Grabenheimer, Machine 
and Metal Trades High School, 320 E. 
96th St., New York 
Editor*—Samuel Greitzer, Bronx High 
School of Science, 120 E. 184th St., Box 
53, Bronx 


Nassau County Mathematics Teachers Association 


Pres.—Frank Foran, Garden City Junior 
High School, Garden City 

V. Pres.—Joseph Laucks, Hicksville High 
School, Hicksville 

Treas.—Mrs. Florence Elder, West Hemp- 
stead Junior-Senior High School, West 
Hempstead 

Secy.— Annette Swanson, Oceanside Junior 
High School, Oceanside 


Suffolk County Mathematics Teachers Associa- 
tion* 
Pres.-Lois Bowman, Amityville Memorial 
High School, Amityville 
V. Pres.—Jack Courtin, Northport Junior 
High School, Northport 
Secy.—Carl R. Wampole, Hauppauge High 
School, Hauppauge 
Treas.—Jack G. Record, R. L. Simpson High 
School, Huntington 


NORTH CAROLINA 


Depariment of Mathematics of the North Carolina 
Education Association ~ 
Pres.—Robert C. Ciary, Valentines, Virginia 
V. Pres.—Mrs. Ida Bell Moore, Greensboro 
High School, Greensboro 
Secy.-Treas.—Mrs. C. W. Mobley, Red 
Springs 


OHIO 
Ohio Council of Teachers of Mathematics 


Pres.—Eugene Smith, University School, 
Ohio State University, Columbus 

V. Pres.—Helen Brown, Steubenville High 
School, Steubenville 


V. Pres.—Harold E. Tinnappel, Bowling 
Green State University, Bowling Green 

V. Pres.—William B. Lantz, Mansfield High 
School, Mansfield 

State Rep.—Mrs. Frances Theaker, John 
Simpson Junior High School, Mansfield 

Secy.-Treas.—J. V. Naugle, Wyoming High 
School, Wyoming 

Editor—Clarence Heinke, Capital Univer- 
sity, Columbus 


Mathematics Club of Greater Cincinnati 


Pres.—Mrs. Mildred Crouch, 7120 Bridge- 
town Rd., Cincinnati 11 

V. Pres.—Kenneth Scheurer, 568 Terrace 
Ave., Cincinnati 20 

Secy.—Raymond Brokamp, 4330 W. 8th 
St., Cincinnati 5 

Treas.—John Geiger, 3481 Mayfair Ave., 
Cincinnati 11 


The Greater Cleveland Mathematics Club 


Pres.—J. D. Bristol, 18526 Kinsman Rd., 
Shaker Heights 22 

V. Pres.—Mrs. Helen Scheu, 7802 Wainstead 
Dr., Parma 

Secy.—Mrs. Marion Ecclestone, 307 Bishop 
Rd., Cleveland 24 

Treas.—Richard Kuechle, 3573 Normandy 
Rd., Shaker Heights 22 


Greater Toledo Council of Teachers of Mathe- 
matics 
Pres.—Dallas Greenler, Clay High School, 
Toledo 5 
V. Pres.—Belle Joseph, Woodward High 
School, Toledo 
Secy.-Treas.—Hance W. Rogers, 961 Hick- 
ory St., Perrysburg 


OKLAHOMA 


Oklahoma Council of Teachers of Mathematics 


Pres.—Mrs. Carolyn Stewart, 2242 E. 36th, 
Tulsa 

Pres.-Elect—Thomas J. Hill, 1909 N. Doug- 
las, Oklahoma City 

V. Pres.—Stella Gartman, 1215 8S. Wheeling, 
Tulsa 

V. Pres.—-Mrs. Bessie Sanmann, Geronimo 

V. Pres.—Evelyn Keil, Clinton School, Clin- 


ton 
Secy.—Mrs. Hattie May Bury, 3348 E. 45th, 
Tulsa 


Treas.—Mrs. Kathryne Leverett, 5921 N.W. 
54th, Oklahoma City 


Oklahoma City Mathematics Council 
Pres.—Norma Louise Jones, 1508 S.W. 43rd, 
Oklahoma City 19 
V. Pres—Tom Vickrey, 1842 N.E. 48th, 
Oklahoma City 
Secy.-Treas.—Lola Greer, 1334 N.E. 8th, 
Oklahoma City 
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Tulsa Chapter of The National Council of Teach- 
ers of Mathematics 


Pres.—Stanley Harrison, Edison School, 
Tulsa 

V. Pres.— Betty Powers, Wilson School, Tul- 
sa 

Secy.—Pauline Stringer, 1208 8S. Florence 


Pl., Tulsa 


ONTARIO 


Ontario Association of Teachers of Mathematics 
and Physics 
Pres.—J. Thompson, Stratford Collegiate 
Institute, Stratford 
V. Pres.—Charles Chambers, Malvern Col- 
legiate Institute, Toronto 
Secy.-Treas.—James W. Kerr, 15 Deepwood 
Crescent, Don Mills 
Publicity—John Del Grande, St. Andrews 
College, Aurora 


OREGON 


Oregon Council of Teachers of Mathematics 
Pres.—Helene N. Lannon, 10273 8.W. Lan- 
caster, Portland 19 
V. Pres.— Russell Godard, Oregon State Col- 
lege, Corvallis 
Secy.-Treas.—Cecil Jenkins, 3434 N.E. 36th, 
Portland 


PENNSYLVANIA 


Pennsylvania Council of Teachers of Mathematics 

Pres.—Joy E. Mahachek, 962 Philadelphia 
St., Indiana 

V. Pres.—Edward E. Bosman, 102 Smith St., 
E. Stroudsburg 

Secy.—Freda E. Jones, 
School, Kingston 

Treas.—Charles M. Carroll, 505 W. Main 
St., Anneville 

Editor—Catherine A. V. Lyons, 12 S. Fre- 
mont Ave., Pittsburgh 


Kingston High 


Mathematics Teachers Association of Western 
Pennsylvania 


Pres.—Earle F. Myers, 322 13th Ave., New 
Brighton 

V. Pres.—Rosemarie Kavanagh, 604 Main 
St., Pittsburgh 15 

Secy.—Helen Malter, 33 Ehle Ave., Cora- 
opolis 

Treas.—Mabel Milldollar, 1518 Cambridge 
St., Tarentum 


Association of Teachers of Mathematics of Phila- 
delphia and Vicinity 


Pres.—Shaylor Woodruff, 2111 
Rd., Glenside 

V. Pres.—I. R. Klingsberg, 221 S. 49th St., 
Philadelphia 

V. Pres.—Alexander Beck, 1032 E. Phil- 
Elena St., Philadelphia 


Wharton 


Secy.—Ruth McCarty, 173 Clearview Ave., 
Huntington Valley 

Treas.—Abner Rissler, 60 Cherry Lane, 
Levittown 


SOUTH DAKOTA 


Mathematics Section of the South Dakota Educa- 
tion Association 
Pres.—Kenneth Newell, 115 Paul St., Lead, 
South Dakota 
V. Pres.—Albert Beatty, Dupree, South Da- 
kota 
Secy.—Charles Prochaska, Flandreau, South 
Dakota 
Treas.—Bill Ochs, Aberdeen, South Dakota 


TENNESSEE 


Mathematics Section of East Tennessee Education 
Association 
Pres.—Mrs. Sam McCornell, Hixson High 
School, Hixson 
V. Pres.—John Esposito, East High School, 
6107 Adelia Dr., Knoxville 
Secy.—Florence Bogart, Tennessee High 
School, Bristol 


TEXAS* 


Texas Council of Teachers of Mathematics 

Pres.— Margaret Kennerly, 3214 Hunting- 
don, Houston 

V. Pres.—Moaelle Schulenberger, 101 Ross 
Ave., Cleburne 

V. Pres.—Arthur W. Harris, 4701 Cole, 
Dallas 

Secy.-Treas.—Dorothy Woodley, 230 Rose- 
way Rd., El Paso 


Greater Dallas Council of Teachers of Mathe- 
matics 
Pres.—Frances Freese, 6856 Casa Loma, 
Dallas, Texas 
V. Pres.— Myrl Harris, Highland Park Junior 
High School, Dallas 
V. Pres.—J. William Brown, Woodrow Wil- 
son High School, Dallas 
V. Pres.— Mrs. Clara Sherrill, Sudie Williams 
School, Dallas 
V. Pres.—Elizabeth Dice, North Dallas High 
School, Dallas 
Secy.—Mrs. W. Ogden Kidd, 4121 Green- 
brier, Dallas 
Treas.—Mrs. Amy McMurry, 2426 Cath- 
erine, Dallas 


Houston Council of Teachers of Mathematics 


Pres.—Mrs. Velma Dickersen, 1918 Hollister, 
Houston 24 

V. Pres.—Marie Tucker, 5921 Val Verde, 
Houston 

Secy.—Peggy Hobbs, 109 Carl St., Houston 

Treas.—Mrs. Maxine Lewis, 2321 Bisson- 
nett, Houston 7 
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UTAH 


Utah Council of Teachers of Mathematics 

Pres.—James H. Wolfe, University of Utah, 
Salt Lake City 

V. Pres.—M. L. Stevenson, Weber Junior 
College, Ogden 

V. Pres.—Kenneth R. Allred, 1976 East 3375 
South, Salt Lake City 

V. Pres.—Hyrum Christensen, Rt. 1, Box 
641, Tooele 

V. Pres.—Dan Guido, 457 Emerson, Salt 
Lake City 

Secy.-Treas.—Roy G. McBride, 1462 Gilmer 
Dr., Salt Lake City 


VIRGINIA 


Mathematics Section, Virginia Education Associ- 
ation* 
Pres.—Mrs. E. P. Walker, 320 W. Clifford 
St., Winchester 
V. Pres.—Howard McCue, St. Catherine’s 
School, Richmond 
Secy.— Mrs. Owen A. Hoagland, 1035 Wood- 
land Ave., Winchester 
Treas.—Norman P. Dodl, Pleasant Hill High 
School, Shanghai 


Arlington County Teachers of Mathematics 

Pres.—Mrs. Mary D. Campbell, 608 Lin- 
coln St., Arlington 

V. Pres.—Alice R. Bolton, 1101 N. Kenil- 
worth, Arlington 

Secy.—Sarah Calvert Spellman, 4717 S. 
3ist, Arlington 

Treas.—Simeon P. Taylor IV, 2491 N. 
Quintana, Arlington 


Richmond Branch of the Virginia Section of The 
National Council of Teachers of Mathematics 
Pres.—David M. Boney Jr., St. Chris- 
topher’s School, Richmond 
V. Pres.—Ann Fitzgerald, Highland Springs 
High School, Highland Springs 
Secy.—Mrs. Evelyn Ward, St. Catherine’s 
School, Grave Ave., Richmond 26 
Treas.—Mrs. Virginia Atkins, Douglas Free- 
man High School, Richmond 26 


WASHINGTON 


Washington State Mathematics Council 
Pres.—Richard Klein, Eckstein Junior High 
School, Seattle 


V. Pres.—Mary Kean, Stadium High School, 
Tacoma 

V. Pres.—Dorothy Congdon, North Central 
High School, Spokane 

Secy.-Treas.—Liv Myers, 
School, Renton 

Editor—Richard Klein, 
High School, Seattle 


The Puget Sound Council of Teachers of Mathe- 
matics 
Pres.—Gordon Roberts, Shoreline High 
School, E. 168th and Ist N.E., Seattle 55 
V. Pres.—Ellen Carstairs, Eckstein Junior 
High School, 3015 E. 75th St., Seattle 15 
Secy.-Treas.—Zella Stewart, Administrative 
and Service Center, 815 4th Ave. North, 
Seattle 


Renton High 


Eckstein Junior 


WEST VIRGINIA 


West Virginia Council of Mathematics Teachers 
Pres.—Jones L. Griffin, 911 South Drew St., 
St. Albans 
Secy.—Mrs. Betty Peck, 1417 Sattes Circle, 
Nitro 
Treas.— Mrs. Carrie Campbell, 3609 Bradley 
Rd., Huntington 


WISCONSIN 


Wisconsin Mathematics Council 

Pres.—William A. Golomski, 26 Sherman 
Terrace, Madison 4 

V. Pres.—Joe Kennedy, University of Wis- 
consin, Milwaukee 

V. Pres.—Effie Froelich, 2360 N. 52nd St., 
Milwaukee 

V. Pres.—Warren White, North High School, 
Sheboygan 

Treas.—Laura Wagner, 634 Short St., Ft. 
Atkinson 

Secy.—Donald McCloskey, 1305 Reety Rd., 
Madison 5 

Editor—Carroll Flanagan, Whitewater 


WYOMING 


Cheyenne Teachers of Mathematics 
Pres.—Frank C. Denny, Johnson Junior 
High, Cheyenne 
VY. Pres.—Don Kurtz, Senior High School, 
Cheyenne 
Secy.-Treas.—Leo Weinstein, Eastridge Jun- 
ior High School, Cheyenne 


Mathematics Institute 


Louisiana State University will hold its ninth 
annual session of the Mathematics Institute 
June 22-27, 1958. There will be discussion 
groups in algebra, geometry, junior high school 
mathematics, arithmetic, and curricula trends. 
There will also be a geometry laboratory. The 
discussions will be led by experts in these fields. 


Excellent rooms and meals will be provided 
on the campus at reasonable rates. 

For programs and information, write to Dr. 
Houston T. Karnes, Director of Mathematics, 
Louisiana State University, Baton Rouge 3, 
Louisiana. 
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Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of THe Marue- 


MATICS THACHER. Announcements for this col- 
umn should be sent at least ten weeks early to 
the Executive Secretary, National Council of 
Teachers of Mathematics, 1201 Sixteenth Street, 
N. W., Washington 6, D.C. 


NCTM convention dates 


JOINT MEETING WITH NEA 


June 30, 1958 

Cleveland, Ohio 

M. H. Ahrendt, 1201 Sixteenth Street, N.W., 
Washington 6, D.C. 


EIGHTEENTH SUMMER MEETING 


August 18-20, 1958 

Colorado State College of Education, 
Greeley, Colorado 

Forest N. Fisch, Colorado State College of Edu- 
cation, Greeley, Colorado 


CHRISTMAS MEETING 


December 29-30, 1958 

Sheraton-McAlpin Hotel, New York, New York 

Abraham 8S. Kadish, High School of Fashion In- 
dustries, 225 West 24th Street, New York 11, 
New York 


ANNUAL MEETING 

April 1-4, 1959 

Baker Hotel, Dallas, Texas 

Arthur W. Harris, 4701 Cole Avenue, Dallas 5, 
Texas 


Other professional dates 


Eighth Annual California Conference for Teach- 
ers of Mathematics 

June 25-July 9, 1958 

University of California, Los Angeles, California 

Clifford Bell, University of California, Los An- 
geles, California 


Special Summer Programs on Operations Re- 
search 

July 8-18, 1958, Probability Theory and Its Ap- 
plication to Operations Research 

July 21—August 1, 1958, Mathematical Analysis 
and Simulation in Industrial Operations 

Massachusetts Institute of Technology, Cam- 
bridge, Massachusetts 

George P. Wadsworth (July 8-18), or Herbert P. 
Galliher (July 21—-August 1), Massachusetts 
Institute of Technology, Cambridge, Massa- 
chusetts 


Tenth Annual Institute of Association of Teachers 
of Mathematics in New England 

August 19-26, 1958 

Brandeis University, Waltham, Massachusetts 

Thomas F. McCarthy, Mathematics Depart- 
ment, Peabody High School, Peabody, Massa- 
chusetts 


Thirty-ninth Summer Meeting, Mathematical As- 
sociation of America 

August 25-28, 1958 

Massachusetts Institute of Technology, Cam- 
bridge, Massachusetts 

Harry M. Gehman, University of Buffalo, Buf- 
falo 14, New York 

Annual Meeting of the Illinois Council of Teachers 
of Mathematics 

October 4, 1958 

Aurora, Illinois 

Francis R. Brown, Illinois State Normal Uni- 
versity, Normal, Illinois 


1959 elections 


The Committee on Nominations and Elec- 
tions is making plans for the 1959 election. Of- 
ficers to be elected in 1959 are: Vice-President 
for Colleges, Vice-President for Junior High 
Schools, and three Directors. 

The Committee is anxious to receive your 
suggestions for candidates. If you know of able 


individuals who should be considered for office, 
please submit their names not later than May 
25, 1958, with full information about their quali- 
fications, to the chairman of the Committee on 
Nominations and Elections, Milton W. Beck- 
mann, University High School, Lincoln, Ne- 
braska. 
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PROGRAM PROVISIONS FOR THE 
MATHEMATICALLY GIFTED STUDENT 
IN THE SECONDARY SCHOOL 


Edited by E. P. VANCE 
Contributions by Jutius H. 
RICHARD S. PIETERS, and LERoy SACHS 


Discusses approaches to ee 


the develop ment of a II. Recommendations of Committees and Commissions 
mathemat a ee III. Recommendations of Teachers in Typical Schools 
for the gifted. or School Systems 
A Specialized Metropolitan Public High School 
An Independent Private School 
A Small High School 
types of schools. 


I. Introduction 


IV. Summary 
V. Bibliography 


32 pages 75¢ each 
Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Mathematics Kits 
STRAIGHT LINE UNIT NO. 186 


Can you draw your own straight line? Or do you copy one from a straightedge? 


This kit makes four workable models of linkages, shows how to solve the straight-line 
and other problems, and contains an explanatory leaflet with bibliography. The material 
is within the scope of high schoo] Plane Geometry. 


COMPUTATION UNIT NO. 209 


Contains materials for making (1) an addition-subtraction slide rule for signed num- 
bers, (2) a logarithmic slide rule, (3) a simplified set of Napier’s Rods. Included also 
are (4) a wood slide rule and (5) a comprehensive explanatory leaflet. 


Order one for each member of your class. Your students will be interested in the 
slide rule and the other computation devices. 


(Produced cooperatively by NCTM and Science Service) 
Price 75¢ each; 3 for $1.50. Quantities may be assorted. 


Postpaid if you send remittance with your order. 
National Council of Teachers of Mathematics 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention THe MATHEMATICS TEACHER when answering advertisements 


| 
| 


For the well-prepared high school senior: 


WILLIAM L. HART'S 
Texts in Elementary College Mathematics 


COLLEGE ALGEBRA, Fourth Edition (1953) 


Contains a comprehensive collegiate review of intermediate algebra; all classical topics 
of college algebra; many novel topics, including curve fitting by least square methods, 
an introduction to the theory of sets, and a treatment of probability using set notions 
intuitionally. 


Distinctly modern, with the discussion written simply and yet placed at a mature 
mathematical level. 


Text: 420 pages. $4.50 
COLLEGE TRIGONOMETRY, with Tables (1951) 


Starts with the general angle; gives emphatic attention to analytic trigonometry, and 
all aspects which are essential for Calculus, and yet covers numerical trigonometry 
adequately; presents a brief treatment of spherical trigonometry focused on interesting 
numerical applications; very complete four-place and five-place tables, including 
haversines. 


Text: Plane Trigonometry, 163 pages; Spherical Trigonometry, 34 pages. Tables, 130 
pages. $4.25 


D. C. Heath and Company 


Sales Offices: Englewood, N. J., Chicago 16, San Francisco 5, Atlanta 3, Dallas1 Home Office: Boston 16 


printing just completed 


INSIGHTS INTO MODERN MATHEMATICS 


23rd Yearbook of the National Council of Teachers of Mathematics. 


CONTENTS 


What is meant by “modern 
mathematics"? 


How much of it can be taught 
in the high school? 


1201 Sixteenth Street, N.W. 


Has the point of view in mathe- Space 

4? VII. Limits 
matics been change VIII. Functions 

IX. Origins and Development of Concepts of Geometry 
You cannot answer, or even X. Point Set Topology 
understand, these questions XI. The Theory of Probability 
without information. XIl. Computing Machines and Automatic Decisions 
XIII. Implications for the Mathematics Curriculum 
$5.75 $4.75 to members of the Council 


Postpaid if you send remittance with order. 
NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


. Introduction 

. The Concept of Number 

. Operating with Sets 

. Deductive Methods in Mathematics 

. Algebra 

. Geometric Vector Analysis and the Concept of Vector 


Washington 6, D.C. 


Please mention THe MaTHEMatics TEACHER when answering advertisements 


| 
| 
IV 


BOOKS 


from Prentice-Hall 


Fundamentals of 
Elementary Mathematics 


by TREVOR EVANS, Emory University 


A new text that presents the fundamental 
ideas of geometry, algebra, and arithmetic in 
a logically complete and mathematically cor- 
rect manner. Designed especially for students 
who enter college with an insufficient mathe- 
matical background, the text treats elemen- 
tary mathematics as rigorously as their mathe- 
matical maturity permits, The aim here is for 
complete student understanding of the rules 
and techniques of elementary mathematics. 


approx. 320 pp. © Pub. 1958 © Text price $5.00 


Arithmetic: Its 
Structure and Concepts 


by FRANCIS J. MUELLER, Maryland 
State Teachers College 


An original text, designed to introduce con- 
cepts in modern mathematics early in the 
student's career, and provide the foundation 
for more important topics in mathematics out- 
side the calculus. Aimed at the freshman level, 
it includes an introduction to: logic, set theory, 
partitions, probability theory, matrix theory, 
mathematical models, game theory and linear 
oo This course has been success- 
ully tested. 


372 pp. © Pub. Jan. 1957 © Text price $6.00 


Essential Mathematics 
for College Students 


by FRANCIS J. MUELLER, Maryland 
State Teachers College 
This new text contains a thorough and mean- 
ingful review of basic arithmetic processes. 
Highly conducive to self-instruction or inde- 
pendent work, the text requires no prerequi- 
sites. It is so organized that when the student 
has completed and detached all exercise pages, 
he still has the complete text available for 
future reference. 
238 pp. © Paper Bound © Pub. 1957 
Text price $3.95 
To receive approval copies 
promptly, write: Box 903 


PRENTICE-HALL, Inc. 
Englewood Cliffs, New Jersey 


Captures the imagination 


SPACE 
SPIDER® 


for 
Student Use 


© Allows construction of various ruled surfaces. 

© Displays beauties of geometric form in 2 and 
3 dimensions. 

© Demonstrates generation of curved surfaces 
by straight lines. 


Contains 18 black 6” x 6” perfor- 

School kit ated planes with coordinate index 

system on backs, easily assembled 

No. SS-6 into "corners"; 18 spools elastic 

cord in 6 fluorescent colors 

$5.75 ppd. | (enough for appr. 50 projects); 
clips; instruction books. 


WALKER PRODUCTS 
Dept. MTA, 1530 Campus Dr., Berkeley 8, Calif. 


HOW TO USE YOUR 
LIBRARY IN MATHEMATICS 


By Allene Archer 


Use your library to enliven both class and club 
work. 

Discusses purposes for which the library is 
used, guidance in the use of the library, de- 
sirable outcomes, types of reference materials, 
topics, and projects. 


Contains information on historical reports, 
things to make, great mathematicians, and 
famous quotations about mathematics. 


6 pages 40¢ each 


Postpaid if you send remittance 
with your order. 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. 
Washington 6, D.C. 


Please mention THe MatHematics TEACHER when answering advertisements 


{ 
| 
| 
| 


FISK Teachers Agency 


28 E. Jackson Blivd. - Chicago 4, Ill. 


We make recommendations for positions only to administrators who request 
us to do so. The most important part of our work is to find the right person 
for the right position. 


Our service is nation-wide. 


THE TREE OF MATHEMATICS 


Important features: “As far as I am personally concerned, The Tree 

key from arithmetic of Mathematics is the fruit of many years work 
Pie eee See on the James Mathematics Dictionary, ten years of 

Written in simple language. 

Authored by twenty experienced teachers. editing the Mathematics Magazine and forty-three 

Important uses: of teaching. The main objective of all this work 

Broadens one’s horizon in a minimum time. has been to make mathematics understandable; not 


one reference for those studying or using superficial but so clear, though still serious, that 

A text book for survey (general) courses (suited ‘* #s easily comprehended.” 

for high school, through chapter 7). Glenn James, Mg. Ed. 
The Tree of Mathematics, containing 420 pages with 85 cuts and pleasing format, sells for $6.00 

or $5.50 cash with order. Address: The Digest Press, Department d, Pacoima, California. 


PMATHEMATICAL 
TEACHING MODELS 


For every course where geometry is used, taught or applied, 
there is a model available for use. Theorems can be illustrated 
in seconds, and the impact of an exact picture remains fixed 
in the student’s mind. These models are suitable for courses in: 


© PLANE GEOMETRY THEY HAVE THESE 
© SOLID GEOMETRY OUTSTANDING ADVANTAGES: 
© DESCRIPTIVE GEOMETRY @ CLEAR PLASTIC 
@ MECHANICS © LIGHT WEIGHT 
@ MECHANICAL DRAWING ©@ CONVENIENT SIZE 
© INDUSTRIAL DESIGN © MODERATE COST 
© SINGLE UNITS OR SETS 


The clear plastic models permit the instructor to show the student 
where diagonals intersect INSIDE the bodi The ving models in 
mechanics show the student what happens when gears mesh; the 
block type models permit the building of figures; the sets show the 
sections made by the intersections of cones and other solid figures MODEL 132: Plane section 
by planes and by each other. Hundreds of models ore available for of a right circular cylinder 
Imost every ivable application. (ellipse). 
These dels are products of West Germany and are presented by Physics Research Laboratories, Inc. 
which is known for the fine European made instruments it brings to American laboratories. 
WRITE FOR COMPLETE CATALOG 


i= 7] 


Please mention THe MaTHEeMatics TEACHER when answering advertisements 


| 
VSICS NESCAFE usorsrones | | 
¢ 


A complete, effective 
mathematics program— 


USING MATHEMATICS 7-8-9 


by Henderson and Pingry 


An interesting, challenging series for 7th, 8th, and 
9th grades, with an easy reading level. Problems 
interest boys and girls, farm and city pupils. Color 
drawings and cartoons provide motivation and illus- 
trate principles. Self-teaching methods help pupils 
to discover principles for themselves, making clear 
the reason why as well as the how. Test Problems 
Workbooks (7-8-9) Teacher’s Editions (7-8) and 
Teacher’s Manuals for all three books. 


ALGEBRA: ITS BIG IDEAS AND 
BASIC SKILLS, Books | and Il 


Second Edition 
by Aiken, Henderson, and Pingry 


Organized around the big ideas and basic skills of 
algebra for better understanding. Many problems to 
fix and apply skills; optional topics and problems for 
superior students. Two colors throughout, for effective 
learning. 160 new drawings add a visual dimension to 
ideas. Exercises help students to discover principles. 
Self tests check progress. Tests and Teacher’s Key. Com- 
plete Teacher’s Key for Book I. 


MATHEMATICS: A First Course 
A Second Course, A Third Course 


by Rosskopf, Aten, and Reeve 


A series stressing development of mathematical con- 
cepts, clear explanations, and practice work to 


strengthen skills. 


McGRAW-HILL BOOK COMPANY 


New York 36 Chicago 30 Dallas 2 San Francisco 4 


Please mention THE MATHEMATICS TEACHER when answering advertisements 


McGRAW 
| 


For a firm foundation in business mathematics ... 


MATHEMATICS IN BUSINESS 


By Lioyp L. LOWENSTEIN, Arizona State College, This text is designed to 
give a basic foundation in business mathematics built upon egg 
rather than merely upon formulas. Treating the subject clearly, logically, an 
without unnecessary digressions, it gives the student the background he will 
need for further courses in the mathematics of finance, accounting, business 
statistics, insurance, and other business subjects. Special care has been taken 
to present the material in a unified fashion. All definitions are as precise as 
possible, and new ideas are introduced one at a time. There is frequent refer- 
ence to and application of principles discussed earlier in the book. 


An outstanding feature is the large collection of varied problems. These 
are carefully graded and arranged in the “twin problem’ manner—an odd- 
numbered problem and its immediate even-numbered successor are of the same 
type and degree of difficulty. Answers to the odd-numbered problems are pro- 
vided in the text. A feature of permanent value is the collection of mathe- 
matics and business tables in the back of the book. 


1958 364 pages Illus. $4.95 


Coming next month... 


INTRODUCTION TO 
DIFFERENCE EQUATIONS 


With Illustrative Examples from Economics, Psychology, and Sociology 


By SAMUEL GOLDBERG, Oberlin College. Meeting the growing demand 
for the application of mathematics to the social sciences, this text presents an 
elementary but rigorous introduction to finite differences and difference equa- 
tions. Illustrative material from economics, psychology, and sociology points 
out the many ways that difference equations arise in the social sciences. The 
author carefully introduces such important mathematical topics as: function, 
operator, convergence of sequences, fundamental set of solutions, generating 
function, characteristic value problem, matrix algebra, diagonalization of 
matrices, and Markov chain. 


Most of the text requires a good background in only algebra and trigonom- 
etry. More advanced mathematical techniques are developed as ‘needed. Over 
250 problems for solution supplement the worked-out illustrative examples 
throughout the text. These enable the student to check his understanding of 
new definitions, theorems, and methods. 


Ready in May 260 pages Illus. Prob. $7.50 
Send today for on-approval copies. 


JOHN WILEY & SONS, Inc. 
440 Fourth Avenue New York 16, N. Y. 


Please mention THe MatHematics TEACHER when answering advertisements 


EDUCATION IN MATHEMATICS 
FOR THE SLOW LEARNER 


Mary Potter and Virgil S. Mallory 


@ Provides practical help for meeting your problems with the slow learner. 


@ Contains a comprehensive discussion of the special choracteristics and problems of 
the slow learner, with a useful list of do's and don'ts. 


@ Gives program and curriculum suggestions, with illustrations from practice. 
@ Contains a large bibliography of professional materials and textbooks. 
36 pages 75¢ each 


Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N. W. Washington 6, D. C. 


MATHEMATICS CLUBS IN HIGH SCHOOLS 


By Walter H. Carnahan 


Persons interested in conducting, organizing, or learning about mathematics clubs should 
read this booklet. 


Discusses objectives, organization, constitution, choice of name, activities, programs, 
publications, and related matters. 


Gives many ideas and sources of material for club programs, with a report of programs 
actually used. 


Contains bibliographies of source materials. 
Lists a group of present active clubs in order to facilitate the exchange of club experiences. 


32 pages 75¢ each 
Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N. W. Washington 6, D. C. 


Please mention Tae MatHematics TEACHER when answering advertisements 
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WELCH 
Demonstration Slide Rule 
Exactly Suited to Teaching Basic Principles 


4 FEET LONG 


Meter-long scale permits comparison of logarithmic scale 
with linear scale of a meter stick 


Not Cumbersome 
For Vivid-Impressive Demonstrations 


Large, clear scales and Numerals are 
Easily Read at a Distance 


Operates Smoothly—Can Be Hung On The Wall 


Scales are one meter long. When a meter stick is placed in coincidence with 
the scales, the basic theory of the construction of the slide-rule scales can 
be readily explained and understood. The standard A, B, C, and D Mannheim 
scales are used. 


Results of computations performed with this slide-rule will be comparable 
in accuracy with those obtained with standard slide rules. 


Each $14.75 


WRITE FOR OUR MATHEMATICS BOOKLET DESCRIBING THIS 
AND OTHER MATHEMATICS DEVICES AND SUPPLIES. 


W. M. Welch Scientific Company 
DIVISION OF W. M. WELCH MANUFACTURING COMPANY 
Established 1880 


1515 Sedgwick St. Dept. X Chicago 10, Illinois, U.S.A. 
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Manufacturers of Scientific Instruments and Lab y App 
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